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مقدمه:
سازه های ساختمانی شامل انواع سازه های قابی، سازه های پوسته ای، سازه های کابلی 

وسازه های خرپایی می باشد.
به هر عضو یا مجموعه ای از اعضا که نیروی وارد شده را تحمل نموده و منتقل نماید، 

سازه گفته می شود.
بنابراین تیرها ، ستون ها، بادبندها و ... نیز نوعی سازه می باشند.

تکیه گاهی،  عکس العمل های  تعیین  سازه،  پایداری  بررسی  سازه،  تحلیل  از  منظور 
نیروهای داخلی و تغییر شکل سازه تحت تاثیر نیروهای خارجی وارد به آن می باشد که در 
فصل چهارم راجع به تعیین عکس العمل ها بحث شد و در این فصل تنها به تعیین نیروهای 

داخلی در اجزای خرپاهای صفحه ای و تیرها بسنده می شود.

هدف های رفتاری

پس از آموزش این فصل از فراگیر انتظار می رود بتواند:
1- تحلیل سازه را تعریف نماید.

2- خرپا را بشناسد و انواع آن را نام ببرد.
3- فرضیات تحلیل خرپا را بداند.

4- روش مفاصل )گره ها( را در تحلیل خرپا به کار گیرد.
5- اعضای صفر نیرویی را در خرپاها تعیین نماید.

6- تیر را تعریف کرده و بارهای وارد بر آن را بشناسد.
7- رفتار تیر تحت تأثیر بارهای خارجی را بشناسد.

8- عکس العمل های تکیه گاهی تیرها با بار گسترده یکنواخت را به دست آورد.
9- نیروهای داخلی تیرها با بار متمرکز را محاسبه نماید.

ترسیم  را  متمرکز  بار  با  تیرهای  در  لنگر خمشی  و  برشی  نیروی  نمودارهای   -10
نماید.

به دست  را  متمرکز  بار  با  تیرها  لنگر خمشی  و  برشی  نیروی  مقادیر حداکثر   -11
آورد.
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 )Truss( 5- 1             خرپا
خرپاها سازه هایی هستند متشکل از اعضا )میله هایی( که در دو انتهای خود به صورت 

مفصل )پین( به یکدیگر متصل شده و عموماً تشکیل شبکه های مثلثی می دهند.
5–1–1- انواع خرپا 

خرپاها به طور کلی به دو گروه تقسیم می شوند.
1- خرپاهای صفحه ای: خرپاهایی هستند که فرم پایه آن ها تشکیل شده از سه عضو 
)میله( و سه گره )پین یا مفصل( که در یک صفحه واقع شده و با افزودن دو عضو و یک گره 

جدید گسترش می یابد.

2- خرپاهای فضایی: به خرپاهایی گفته می شود که فرم پایه آن ها تشکیل شده از 
شش عضو و چهار گره که یک شبکه فضایی ساخته و با افزودن سه عضو و  یک گره جدید 

گسترش می یابد.

شکل 1-5

شکل 2-5

4/5 Space Trusses
A space truss is the three-dimensional counterpart of the plane

truss described in the three previous articles. The idealized space truss
consists of rigid links connected at their ends by ball-and-socket joints
(such a joint is illustrated in Fig. 3/8 in Art. 3/4). Whereas a triangle of
pin-connected bars forms the basic noncollapsible unit for the plane
truss, a space truss, on the other hand, requires six bars joined at their
ends to form the edges of a tetrahedron as the basic noncollapsible unit.
In Fig. 4/13a the two bars AD and BD joined at D require a third sup-
port CD to keep the triangle ADB from rotating about AB. In Fig. 4/13b
the supporting base is replaced by three more bars AB, BC, and AC to
form a tetrahedron not dependent on the foundation for its own rigidity.

We may form a new rigid unit to extend the structure with three ad-
ditional concurrent bars whose ends are attached to three fixed joints on
the existing structure. Thus, in Fig. 4/13c the bars AF, BF, and CF are
attached to the foundation and therefore fix point F in space. Likewise
point H is fixed in space by the bars AH, DH, and CH. The three addi-
tional bars CG, FG, and HG are attached to the three fixed points C, F,
and H and therefore fix G in space. The fixed point E is similarly cre-
ated. We see now that the structure is entirely rigid. The two applied
loads shown will result in forces in all of the members. A space truss
formed in this way is called a simple space truss.

Ideally there must be point support, such as that given by a ball-
and-socket joint, at the connections of a space truss to prevent bend-
ing in the members. As in riveted and welded connections for plane
trusses, if the centerlines of joined members intersect at a point, we
can justify the assumption of two-force members under simple tension
and compression.

Statically Determinate Space Trusses
When a space truss is supported externally so that it is statically de-

terminate as an entire unit, a relationship exists between the number of
its joints and the number of its members necessary for internal stability
without redundancy. Because the equilibrium of each joint is specified by
three scalar force equations, there are in all 3j such equations for a space
truss with j joints. For the entire truss composed of m members there are
m unknowns (the tensile or compressive forces in the members) plus six
unknown support reactions in the general case of a statically determinate
space structure. Thus, for any space truss, the equation m � 6 � 3j will be
satisfied if the truss is statically determinate internally. A simple space
truss satisfies this relation automatically. Starting with the initial tetra-
hedron, for which the equation holds, the structure is extended by adding
three members and one joint at a time, thus preserving the equality.

As in the case of the plane truss, this relation is a necessary condi-
tion for stability, but it is not a sufficient condition, since one or more
of the m members can be arranged in such a way as not to contribute
to a stable configuration of the entire truss. If m � 6 � 3j, there are
more members than there are independent equations, and the truss is
statically indeterminate internally with redundant members present.
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4/5
Space Trusses

A
space truss

is the three-dim
ensional counterpart of the plane

truss described in the three previous articles. The idealized space truss

consists of rigid links connected at their ends by ball-and-socket joints

(such a joint is illustrated in Fig. 3/8 in Art. 3/4). W
hereas a triangle of

pin-connected bars form
s the basic noncollapsible unit for the plane

truss, a space truss, on the other hand, requires six bars joined at their

ends to form
 the edges of a tetrahedron as the basic noncollapsible unit.

In Fig. 4/13a
the tw

o bars AD
and

BD
joined at D

require a third sup-

port CD
to keep the triangle AD

B
from

 rotating about AB. In Fig. 4/13b

the supporting base is replaced by three m
ore bars AB, BC, and AC

to

form
 a tetrahedron not dependent on the foundation for its ow

n rigidity.

W
e m

ay form
 a new

 rigid unit to extend the structure w
ith three ad-

ditional concurrent bars w
hose ends are attached to three fixed joints on

the existing structure. Thus, in Fig. 4/13c
the bars AF, BF, and CF

are

attached to the foundation and therefore fix point F
in space. Likew

ise

point
H

is fixed in space by the bars AH
, D

H
, and CH

. The three addi-

tional bars CG
, FG

, and H
G

are attached to the three fixed points C, F,

and
H

and therefore fix G
in space. The fixed point E

is sim
ilarly cre-

ated. W
e see now

 that the structure is entirely rigid. The tw
o applied

loads show
n w

ill result in forces in all of the m
em

bers. A space truss

form
ed in this w

ay is called a sim
ple space truss.

Ideally there m
ust be point support, such as that given by a ball-

and-socket joint, at the connections of a space truss to prevent bend-

ing in the m
em

bers. As in riveted and w
elded connections for plane

trusses, if the centerlines of joined m
em

bers intersect at a point, w
e

can justify the assum
ption of tw

o-force m
em

bers under sim
ple tension

and com
pression.

Statically Determ
inate Space Trusses

W
hen a space truss is supported externally so that it is statically de-

term
inate as an entire unit, a relationship exists betw

een the num
ber of

its joints and the num
ber of its m

em
bers necessary for internal stability

w
ithout redundancy. Because the equilibrium

 of each joint is specified by

three scalar force equations, there are in all 3j such equations for a space

truss w
ith j joints. For the entire truss com

posed of m
m
em

bers there are

m
unknow

ns (the tensile or com
pressive forces in the m

em
bers) plus six

unknow
n support reactions in the general case of a statically determ

inate

space structure. Thus, for any space truss, the equation m
�

6
�

3j w
ill be

satisfied if the truss is statically determ
inate internally. A sim

ple
space

truss satisfies this relation autom
atically. Starting w

ith the initial tetra-

hedron, for w
hich the equation holds, the structure is extended by adding

three m
em

bers and one joint at a tim
e, thus preserving the equality.

As in the case of the plane truss, this relation is a necessary condi-

tion for stability, but it is not a sufficient condition, since one or m
ore

of the m
m
em

bers can be arranged in such a w
ay as not to contribute

to a stable configuration of the entire truss. If m
�

6
�

3j, there are

m
ore m

em
bers than there are independent equations, and the truss is

statically indeterm
inate internally w

ith redundant m
em

bers present.
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با توجه به شکل )5-3( دیده می شود که در چهارضلعی ABCD که اضلاع آن به 
صورت مفصل یا پین به هم متصل شده اند با وارد آوردن نیروی نه چندان بزرگ F به راحتی 
C منتقل می شود بنابراین سازه ناپایدار بوده  B و C به ́  دچار تغییرشکل شده و نقطه B به́ 

و این مسئله نامطلوب است.

5–1-2- شکل خرپاها
همان طور که گفته شد خرپاهای ساده از تعدادی شبکه مثلثی تشکیل می یابند و دلیل استفاده 
از هندسة مثلثی در خرپاها، پایداری هندسی مثلث نسبت به سایر اشکال هندسی می باشد. چرا 
که در مثلث تغییر زاویه مشروط به تغییر طول اضلاع آن می باشد و این تغییر در هندسة مثلثی 
خرپاها به سادگی اتفاق نمی افتد درحالی که در یک هندسة چهارضلعی بدون تغییر طول اضلاع 

آن ها تغییر شکل به راحتی صورت می پذیرد.

2316.3 SIMPLE TRUSSES
Consider the truss of Fig. 6.6a, which is made of four members con-
nected by pins at A, B, C, and D. If a load is applied at B, the truss 
will greatly deform, completely losing its original shape. In contrast, 
the truss of Fig. 6.6b, which is made of three members connected 
by pins at A, B, and C, will deform only slightly under a load applied 
at B. The only possible deformation for this truss is one involving 
small changes in the length of its members. The truss of Fig. 6.6b 
is said to be a rigid truss, the term rigid being used here to indicate 
that the truss will not collapse.

†The three joints must not be in a straight line.
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 As shown in Fig. 6.6c, a larger rigid truss can be obtained by 
adding two members BD and CD to the basic triangular truss of 
Fig. 6.6b. This procedure can be repeated as many times as desired, 
and the resulting truss will be rigid if each time two new members 
are added, they are attached to two existing joints and connected at 
a new joint.† A truss which can be constructed in this manner is 
called a simple truss.
 It should be noted that a simple truss is not necessarily made 
only of triangles. The truss of Fig. 6.6d, for example, is a simple truss 
which was constructed from triangle ABC by adding successively the 
joints D, E, F, and G. On the other hand, rigid trusses are not always 
simple trusses, even when they appear to be made of triangles. The 
Fink and Baltimore trusses shown in Fig. 6.5, for instance, are not 
simple trusses, since they cannot be constructed from a single trian-
gle in the manner described above. All the other trusses shown in 
Fig. 6.5 are simple trusses, as may be easily checked. (For the K 
truss, start with one of the central triangles.)
 Returning to Fig. 6.6, we note that the basic triangular truss of 
Fig. 6.6b has three members and three joints. The truss of Fig. 6.6c 
has two more members and one more joint, i.e., five members and 
four joints altogether. Observing that every time two new members 
are added, the number of joints is increased by one, we find that in 
a simple truss the total number of members is m 5 2n 2 3, where 
n is the total number of joints.

6.3 Simple Trusses

Photo 6.2 Two K-trusses were used as the 
main components of the movable bridge shown 
which moved above a large stockpile of ore. 
The bucket below the trusses picked up ore and 
redeposited it until the ore was thoroughly mixed.
The ore was then sent to the mill for processing 
into steel.
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شکل 3-5

شکل 4-5

برای تأمین پایداری سازه فوق کافی است عضو قطری BC را به آن بیافزاییم و چهار 
ضلعی را به دو مثلث تبدیل نماییم. )شکل 4-5(

کارعملی: شکل های )5-3( و )5-4( را با قطعات چوبی و اتصال مفصلی بسازید و 
با اعمال نیروی متناسب، عملکرد آن ها را با یکدیگر مقایسه نمایید.
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n is the total number of joints.
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5–1–3- فرضیات تحلیل خرپاها:
منظور از تحلیل خرپا، تعیین نیروی داخلی هر عضو خرپا و محاسبة عکس العمل های 

تکیه گاهی آن می باشد و مبتنی بر فرضیاتی به شرح ذیل است: 
اعمال  آن  به  گره ها  محل  در  و  در صفحه خرپا  بر خرپا  وارد  نیروهای خارجی   -1

می شود. شکل )5-5(

شکل 5-5

شکل 6-5
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2: اعضای خرپا )میله ها( به صورت مفصلی به یکدیگر متصل می شوند.
با توجه به فرضیات فوق، نیروهای داخلی و خارجی در محل گره به صورت متقارب 
خواهند بود. بنابراین نیروهای داخلی اعضا در راستای آن ها و به صورت کششی یا فشاری 

عمل می نمایند.
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force at each end of the member. Each member can then be treated 
as a two-force member, and the entire truss can be considered as a 
group of pins and two-force members (Fig. 6.2b). An individual 
member can be acted upon as shown in either of the two sketches 
of Fig. 6.4. In Fig. 6.4a, the forces tend to pull the member apart, 
and the member is in tension; in Fig. 6.4b, the forces tend to com-
press the member, and the member is in compression. A number 
of typical trusses are shown in Fig. 6.5.

(a) (b)

Fig. 6.4
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5–1-4- روش تحیل خرپا 
برای تحلیل خرپاها روش های مختلفی وجود دارد که در این قسمت به روش تحلیل مفاصل 

)گره ها( اشاره می شود و در مقاطع بالاتر با سایر روش های تحلیل خرپا آشنا خواهید شد.
5–1–5- روش مفاصل )گره ها( در تحلیل خرپاها: 

تعادل است  استوار است که چون کل خرپا در حال  این اصل  بر  این روش  فلسفه 
پس هر گرة آن نیز باید در حال تعادل باشد، بنابراین عموماً مراحل تحلیل خرپا در این روش 

عبارت است از:
 ← ← 2( ترسیم پیکر آزاد هر گره  1( محاسبه عکس العمل های تکیه گاهی 

← 4( حل معادلات   x

y

F
F

0
0

Σ =
Σ =

3( اعمال شرایط تعادل هر گره )نقطة مادی( یعنی: 
تشکیل شده و محاسبة مجهولات مورد نظر

شکل 7-5
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 6.1through 6.18 Using the method of joints, determine the force 
in each member of the truss shown. State whether each member 
is in tension or compression.
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و . . .

شروع  گره ای  از  گره ها،  آزاد  پیکر  ترسیم  در   -1 نکته 
می نمائیم که بیش از دو مجهول نداشته باشد.

نکته 2- بهتر است نیروی داخلی اعضا را ابتدا به صورت 
کششی فرض نموده و با رسیدن به جواب مثبت این فرض 
صحیح بوده و در غیر این صورت عضو مورد نظر فشاری 

خواهد بود.
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شکل 8-5

و جهت  شده  دور  گره  از  کششی  نیروهای  هرگره جهت  آزاد  پیکر  ترسیم  در   -3 نکته 
نیروهای فشاری به گره نزدیک می شود. 

نتیجه نهایی تحلیل خرپای شکل )5-7( در شکل )5-8( نشان داده شده است.

فشاریفشاری

کششیکششی
شی

کش

    تاریخ مهندسی )مطالعه آزاد(
خرپایی،  ساختمان های  نوع  اولین  که  است  آمده  چنین  غرب،  فنی  تاریخ  کتاب های  در 
خرپای  نوع  اولین  که  شده  گفته  همچنین  است.  شده  ساخته  میلادی  شانزدهم  قرون  در 
واقعی ثبت شده در تاریخ در قرن شانزدهم میلادی توسط یک مهندس رومی به نام پالادیو 
)Paladio( )1580 - 1518 م( ابداع و ساخته شده است. اما سندهای تاریخی نشان دهندة 
آن است که ساختمان خرپایی در ایران باستان از هزارة سوم قبل از میلاد ساخته می شده 
است. مورد استناد در این بررسی لوحه ای است که در حفاری های باستان شناسی شوش 

به دست آمده و تاریخ آن به هزارة سوم قبل از میلاد )پنج هزار سال پیش( می رسد.
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مثال 1
خرپای شکل روبه رو را تحلیل نمایید.

1 – ترسیم پیکر آزاد کل خرپا.

2 – محاسبه عکس العمل های تکیه گاهی.

x x x

y y y

y y

A y

y y

y y

F A A kN

F A B

A B kN

M B

B B / kN

A / A / kN

0 5 0 5

0 20 0

20

0 20 4 5 3 8 0
65 8 13
8

8 13 20 11 87

+

+

Σ = ⇒ − = ⇒ = →

↑ Σ = ⇒ + − =

+ =

Σ = ⇒ × − × − × =

= ⇒ =

+ = ⇒ =

+
→+
→

I معادله

I در معادله

PROBLEMS

238

 6.1through 6.18 Using the method of joints, determine the force 
in each member of the truss shown. State whether each member 
is in tension or compression.
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3 – تحلیل گره ها:
 B و A برای تحلیل گره ها با توجه وجود دو عضو )دو مجهول( در هر یک از گره های 

می توانیم از هریک از آن ها شروع نماییم که در این مثال گرة A انتخاب می گردد.

FAC

FAD

A α
Ax=5

Ay=11/87

FBC

FDC

C
FAC=10/82

: C پیکر آزاد  گرة

: B پیکر آزاد  گرة

: A پیکر آزاد  گرة

باتوجه به مشخص شدن نیروی داخلی عضو AC می بینیم که گره C  نیز دارای دو مجهول 
BC و CD می باشد و اکنون می توان تحلیل این گره را آغاز کرد.

+
→+
→x AD AC AD AC

y AD AD

AD

AC

AC

sin /
tan ( ) /

cos /
F F cos F / F F

F / F sin / F /

F / kN
/ ( / ) F

F / kN

1 0 63 36 86
0 84

0 5 0 5 0 8 0
0 11 87 0 0 6 11 87

19 78
5 0 8 19 78 0

10 82

−

+

α =
α = = ⇒  α =
Σ = ⇒ + α + = ⇒ + + =

↑ Σ = ⇒ + α = ⇒ = −

⇒ = −
⇒ + − + =
⇒ =



x AD AC AD AC

y AD AD

AD

AC

AC

sin /
tan ( ) /

cos /
F F cos F / F F

F / F sin / F /

F / kN
/ ( / ) F

F / kN

1 0 63 36 86
0 84

0 5 0 5 0 8 0
0 11 87 0 0 6 11 87

19 78
5 0 8 19 78 0

10 82

−

+

α =
α = = ⇒  α =
Σ = ⇒ + α + = ⇒ + + =

↑ Σ = ⇒ + α = ⇒ = −

⇒ = −
⇒ + − + =
⇒ =



II معادله

II از معادله

کششی

فشاری

By=8/13

FBD

Bα

FBC=10/82

فشاری

y BD

BD BD

F F sin /

/F F / kN
/

0 8 13 0
8 13 13 55
0 6

+
↑ Σ = ⇒ α + =

−⇒ = ⇒ = −

+
→+
→ xکششی BC BC

y CD

F F / F / kN

F F

0 10 82 0 10 82

0 0
+

Σ = ⇒ − = ⇒ =
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 6.1through 6.18 Using the method of joints, determine the force 
in each member of the truss shown. State whether each member 
is in tension or compression.
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آیا این خرپا دارای عضو صفر نیرویی دیگری می باشد؟ چرا؟ نام ببرید.

باشند،        هم راستا  آن  دو عضو  که  باشد  داشته  گره ای سه عضو وجود  در  هرگاه  ب( 
در صورتی که نیروی خارجی روی گرة مذکور نباشد، عضو سوم صفر نیرویی خواهد بود. در 

خرپای شکل )5-10( اعضای BC و KJ و IJ صفر نیرویی می باشند.

شکل 9-5

5–1–6- اعضای صفر نیرویی
درمثال فوق ملاحظه گردید که نیروی داخلی عضو CD برابر صفر است که اصطلاحاً 

به آن عضو صفر نیرویی گفته می شود.
در موارد زیر اعضای صفر نیرویی بدون تحلیل قابل تشخیص هستند.
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5-2             تحلیل تیرها 
نیروهای  تیر در این فصل تعیین عکس العمل های تکیه گاهی و  از تحلیل       هدف 

داخلی در هر مقطع از تیر می باشد.
)Beam( 5-2-1- تعریف تیر

 تیر عضوی است که بارهای عمود بر محور خود را تحمل و منتقل می نماید و در اکثر 
سازه های ساختمانی به کار می رود.

235 Consider now a joint connecting two members only. From 
Sec. 2.9, we know that a particle which is acted upon by two forces will 
be in equilibrium if the two forces have the same magnitude, same line 
of action, and opposite sense. In the case of the joint of Fig. 6.13a, 
which connects two members AB and AD lying in the same line, the 
forces in the two members must be equal for pin A to be in equilibrium. 
In the case of the joint of Fig. 6.13b, pin A cannot be in equilibrium 
unless the forces in both members are zero. Members connected as 
shown in Fig. 6.13b, therefore, must be zero-force members.
 Spotting the joints which are under the special loading condi-
tions listed above will expedite the analysis of a truss. Consider, for 
example, a Howe truss loaded as shown in Fig. 6.14. All of the mem-
bers represented by green lines will be recognized as zero-force 
members. Joint C connects three members, two of which lie in the 
same line and is not subjected to any external load; member BC is 
thus a zero-force member. Applying the same reasoning to joint K, 
we find that member JK is also a zero-force member. But joint J is 
now in the same situation as joints C and K, and member IJ must be 
a zero-force member. The examination of joints C, J, and K also shows 
that the forces in members AC and CE are equal, that the forces in 
members HJ and JL are equal, and that the forces in members IK 
and KL are equal. Turning our attention to joint I, where the 20-kN 
load and member HI are collinear, we note that the force in member 
HI is 20 kN (tension) and that the forces in members GI and IK are 
equal. Hence, the forces in members GI, IK, and KL are equal.
 Note that the conditions described above do not apply to joints B 
and D in Fig. 6.14, and it would be wrong to assume that the force in 
member DE is 25 kN or that the forces in members AB and BD are 
equal. The forces in these members and in all the remaining members 
should be found by carrying out the analysis of joints A, B, D, E, F, G, 
H, and L in the usual manner. Thus, until you have become thoroughly 
familiar with the conditions under which the rules established in this 
section can be applied, you should draw the free-body diagrams of all the 
pins and write the corresponding equilibrium equations (or draw the 
corresponding force polygons) whether or not the joints being consid-
ered are under one of the special loading conditions described above.
 A final remark concerning zero-force members: These mem-
bers are not useless. For example, although the zero-force members 
of Fig. 6.14 do not carry any loads under the loading conditions 
shown, the same members would probably carry loads if the loading 
conditions were changed. Besides, even in the case considered, these 
members are needed to support the weight of the truss and to main-
tain the truss in the desired shape.

6.5 Joints under Special Loading Conditions

Fig. 6.12
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5-2-2- انواع تیرها از نظر شرایط  تکیه گاهی
     با توجه به انواع تکیه گاه ها که قبلًا معرفی شده اند تیرها می توانند به صورت های 
مختلف روی تکیه گاه ها قرار گیرند که در این قسمت به معرفی چند نوع از آن ها اکتفا می شود. 

شکل )11-5(

شکل 11-5

شکل 10-5

272 Chapter 5 Distributed Forces

SECTION B SPECIAL TOPICS

5/6 Beams—External Effects
Beams are structural members which offer resistance to bending

due to applied loads. Most beams are long prismatic bars, and the loads
are usually applied normal to the axes of the bars.

Beams are undoubtedly the most important of all structural mem-
bers, so it is important to understand the basic theory underlying
their design. To analyze the load-carrying capacities of a beam we
must first establish the equilibrium requirements of the beam as a
whole and any portion of it considered separately. Second, we must es-
tablish the relations between the resulting forces and the accompany-
ing internal resistance of the beam to support these forces. The first
part of this analysis requires the application of the principles of stat-
ics. The second part involves the strength characteristics of the mater-
ial and is usually treated in studies of the mechanics of solids or the
mechanics of materials.

This article is concerned with the external loading and reactions act-
ing on a beam. In Art. 5/7 we calculate the distribution along the beam
of the internal force and moment.

Types of Beams
Beams supported so that their external support reactions can be cal-

culated by the methods of statics alone are called statically determinate
beams. A beam which has more supports than needed to provide equilib-
rium is statically indeterminate. To determine the support reactions for
such a beam we must consider its load-deformation properties in addi-
tion to the equations of static equilibrium. Figure 5/18 shows examples

Simple

Cantilever

Continuous

Combination

Statically determinate beams Statically indeterminate beams

End-supported cantilever

Fixed⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭ ⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭

Figure 5/18

تیر ساده

P

P

P1 P2

تیر طره ای )کنسولی(

تیر ساده طره دار
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5-2-4- رفتار تیر تحت تأثیر بارهای خارجی
هنگامی که تیری تحت تأثیر نیروهای خارجی مطابق شکل )5-16( واقع می شود، در 

آن پدیده های خمش و برش ایجاد می گردد.
تیر  فوقانی  و  تحتانی  تارهای  یا  فشار در لایه ها  و  ایجاد کشش  باعث  پدیده خمش 

می گردد. شکل )16-5(

شکل 16-5

5/7 Beams—Internal Effects

The previous article treated the reduction of a distributed force to

one or more equivalent concentrated forces and the subsequent determi-

nation of the external reactions acting on the beam. In this article we in-

troduce internal beam effects and apply principles of statics to calculate

the internal shear force and bending moment as functions of location

along the beam.

Shear, Bending, and Torsion

In addition to supporting tension or compression, a beam can resist

shear, bending, and torsion. These three effects are illustrated in Fig.

5/22. The force V is called the shear force, the couple M is called the

bending moment, and the couple T is called a torsional moment. These

effects represent the vector components of the resultant of the forces

acting on a transverse section of the beam as shown in the lower part of

the figure.
Consider the shear force V and bending moment M caused by forces

applied to the beam in a single plane. The conventions for positive val-

ues of shear V and bending moment M shown in Fig. 5/23 are the ones

generally used. From the principle of action and reaction we can see

that the directions of V and M are reversed on the two sections. It is fre-

quently impossible to tell without calculation whether the shear and

moment at a particular section are positive or negative. For this reason

it is advisable to represent V and M in their positive directions on the

free-body diagrams and let the algebraic signs of the calculated values

indicate the proper directions.

As an aid to the physical interpretation of the bending couple M,

consider the beam shown in Fig. 5/24 bent by the two equal and opposite

positive moments applied at the ends. The cross section of the beam is

treated as an H-section with a very narrow center web and heavy top

and bottom flanges. For this beam we may neglect the load carried by

the small web compared with that carried by the two flanges. The upper

flange of the beam clearly is shortened and is under compression,

whereas the lower flange is lengthened and is under tension. The resul-

tant of the two forces, one tensile and the other compressive, acting on

any section is a couple and has the value of the bending moment on the

section. If a beam having some other cross-sectional shape were loaded
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شکل 17-5

شکل 17-5

پدیده برش، رفتاری از تیر است که تمایل دارد تیر را در مقاطع مختلف آن قطع نماید. 
این رفتار، شبیه رفتار یک قیچی می باشد. شکل )17-5(
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the internal shear force and bending moment as functions of location
along the beam.

Shear, Bending, and Torsion
In addition to supporting tension or compression, a beam can resist

shear, bending, and torsion. These three effects are illustrated in Fig.
5/22. The force V is called the shear force, the couple M is called the
bending moment, and the couple T is called a torsional moment. These
effects represent the vector components of the resultant of the forces
acting on a transverse section of the beam as shown in the lower part of
the figure.

Consider the shear force V and bending moment M caused by forces
applied to the beam in a single plane. The conventions for positive val-
ues of shear V and bending moment M shown in Fig. 5/23 are the ones
generally used. From the principle of action and reaction we can see
that the directions of V and M are reversed on the two sections. It is fre-
quently impossible to tell without calculation whether the shear and
moment at a particular section are positive or negative. For this reason
it is advisable to represent V and M in their positive directions on the
free-body diagrams and let the algebraic signs of the calculated values
indicate the proper directions.

As an aid to the physical interpretation of the bending couple M,
consider the beam shown in Fig. 5/24 bent by the two equal and opposite
positive moments applied at the ends. The cross section of the beam is
treated as an H-section with a very narrow center web and heavy top
and bottom flanges. For this beam we may neglect the load carried by
the small web compared with that carried by the two flanges. The upper
flange of the beam clearly is shortened and is under compression,
whereas the lower flange is lengthened and is under tension. The resul-
tant of the two forces, one tensile and the other compressive, acting on
any section is a couple and has the value of the bending moment on the
section. If a beam having some other cross-sectional shape were loaded
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برش

5-2-5- تعیین عکس العمل های تکیه گاهی تیرها با بار گسترده یکنواخت
برای محاسبه عکس العمل های تکیه گاهی تیرها تحت بار گستردة یکنواخت ابتدا باید مقدار 

و محل اثر برآیند بارهای گسترده یکنواخت وارد به تیر را تعیین نمود. مطابق شکل )18-5(
مقدار برآیند بار گسترده برابر مساحت مستطیل بار وارده و محل اثر آن نقطة تلاقی دو قطر 

مستطیل )نصف طول آن( خواهد بود.
با توجه به موارد فوق الذکر پیکر آزاد تیر را ترسیم نموده و عکس العمل های تکیه گاهی را 

محاسبه می نماییم.



50512.2  SHEAR AND BENDING-MOMENT DIAGRAMS
As indicated in Sec. 12.1, the determination of the maximum abso-
lute values of the shear and of the bending moment in a beam are 
greatly facilitated if V and M are plotted against the distance x mea-
sured from one end of the beam. Besides, as you will see in Chap. 15, 
the knowledge of M as a function of x is essential to the determina-
tion of the deflection of a beam.
 In the examples and sample problems of this section, the shear 
and bending-moment diagrams will be obtained by determining the 
values of V and M at selected points of the beam. These values will 
be found in the usual way, i.e., by passing a section through the point 
where they are to be determined (Fig. 12.5a) and considering the 
equilibrium of the portion of beam located on either side of the sec-
tion (Fig. 12.5b). Since the shear forces V and V9 have opposite 
senses, recording the shear at point C with an up or down arrow 
would be meaningless, unless we indicated at the same time which 
of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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(positive bending moment)

Fig. 12.6

†Note that this convention is the same that we used earlier in Sec. 11.2.
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of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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point. This particular case is fully discussed in the next example.
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مثال 2
عکس العمل های تکیه گاهی تیر شکل زیر رامحاسبه نمایید.

kNq m20=

50512.2  SHEAR AND BENDING-MOMENT DIAGRAMS
As indicated in Sec. 12.1, the determination of the maximum abso-
lute values of the shear and of the bending moment in a beam are 
greatly facilitated if V and M are plotted against the distance x mea-
sured from one end of the beam. Besides, as you will see in Chap. 15, 
the knowledge of M as a function of x is essential to the determina-
tion of the deflection of a beam.
 In the examples and sample problems of this section, the shear 
and bending-moment diagrams will be obtained by determining the 
values of V and M at selected points of the beam. These values will 
be found in the usual way, i.e., by passing a section through the point 
where they are to be determined (Fig. 12.5a) and considering the 
equilibrium of the portion of beam located on either side of the sec-
tion (Fig. 12.5b). Since the shear forces V and V9 have opposite 
senses, recording the shear at point C with an up or down arrow 
would be meaningless, unless we indicated at the same time which 
of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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†Note that this convention is the same that we used earlier in Sec. 11.2.
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50512.2  SHEAR AND BENDING-MOMENT DIAGRAMS
As indicated in Sec. 12.1, the determination of the maximum abso-
lute values of the shear and of the bending moment in a beam are 
greatly facilitated if V and M are plotted against the distance x mea-
sured from one end of the beam. Besides, as you will see in Chap. 15, 
the knowledge of M as a function of x is essential to the determina-
tion of the deflection of a beam.
 In the examples and sample problems of this section, the shear 
and bending-moment diagrams will be obtained by determining the 
values of V and M at selected points of the beam. These values will 
be found in the usual way, i.e., by passing a section through the point 
where they are to be determined (Fig. 12.5a) and considering the 
equilibrium of the portion of beam located on either side of the sec-
tion (Fig. 12.5b). Since the shear forces V and V9 have opposite 
senses, recording the shear at point C with an up or down arrow 
would be meaningless, unless we indicated at the same time which 
of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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†Note that this convention is the same that we used earlier in Sec. 11.2.
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5-2-6-1- علائم قرار دادی نیرو های داخلی تیرها
برای ایجاد یکنواختی در محاسبات نیروهای داخلی در مقاطع تیرها بهتر است جهت های 

مثبت نیروی برشی و لنگر خمشی را به صورت شکل )5-20( در نظر بگیریم.

و مطابق قانون سوم نیوتن همین اثر روی قطعه سمت راست و در جهت مخالف وجود 
دارد. شکل )19-5(

بنابراین نیروهای داخلی در هر مقطع از تیرها عبارتند از:
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of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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As indicated in Sec. 12.1, the determination of the maximum abso-
lute values of the shear and of the bending moment in a beam are 
greatly facilitated if V and M are plotted against the distance x mea-
sured from one end of the beam. Besides, as you will see in Chap. 15, 
the knowledge of M as a function of x is essential to the determina-
tion of the deflection of a beam.
 In the examples and sample problems of this section, the shear 
and bending-moment diagrams will be obtained by determining the 
values of V and M at selected points of the beam. These values will 
be found in the usual way, i.e., by passing a section through the point 
where they are to be determined (Fig. 12.5a) and considering the 
equilibrium of the portion of beam located on either side of the sec-
tion (Fig. 12.5b). Since the shear forces V and V9 have opposite 
senses, recording the shear at point C with an up or down arrow 
would be meaningless, unless we indicated at the same time which 
of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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شکل 19-5

شکل 20-5

5-2-6-2- محاسبة نیروهای داخلی تیرها با بار متمرکز
برای محاسبة نیروهای داخلی در هر مقطع، پس از ترسیم پیکر آزاد یکی از قطعات 
سمت چپ یا راست آن مقطع و قرار دادن نیروی برشی V و لنگر خمشی M مطابق قرارداد 
فوق کافی است معادلات تعادل را برای مقطع مورد نظر تشکیل داده و اقدام به حل آن ها نماییم.

)V( 1- نیروی برشی
)M( 2- لنگر خمشی{

50512.2  SHEAR AND BENDING-MOMENT DIAGRAMS
As indicated in Sec. 12.1, the determination of the maximum abso-
lute values of the shear and of the bending moment in a beam are 
greatly facilitated if V and M are plotted against the distance x mea-
sured from one end of the beam. Besides, as you will see in Chap. 15, 
the knowledge of M as a function of x is essential to the determina-
tion of the deflection of a beam.
 In the examples and sample problems of this section, the shear 
and bending-moment diagrams will be obtained by determining the 
values of V and M at selected points of the beam. These values will 
be found in the usual way, i.e., by passing a section through the point 
where they are to be determined (Fig. 12.5a) and considering the 
equilibrium of the portion of beam located on either side of the sec-
tion (Fig. 12.5b). Since the shear forces V and V9 have opposite 
senses, recording the shear at point C with an up or down arrow 
would be meaningless, unless we indicated at the same time which 
of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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sured from one end of the beam. Besides, as you will see in Chap. 15, 
the knowledge of M as a function of x is essential to the determina-
tion of the deflection of a beam.
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values of V and M at selected points of the beam. These values will 
be found in the usual way, i.e., by passing a section through the point 
where they are to be determined (Fig. 12.5a) and considering the 
equilibrium of the portion of beam located on either side of the sec-
tion (Fig. 12.5b). Since the shear forces V and V9 have opposite 
senses, recording the shear at point C with an up or down arrow 
would be meaningless, unless we indicated at the same time which 
of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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مثال 2
در تیر شکل مقابل مطلوب است:

الف( محاسبه عکس العمل های تکیه گاهی 
 C 50512.2ب( محاسبه نیروی برشی و لنگر خمشی در مقطع  SHEAR AND BENDING-MOMENT DIAGRAMS

As indicated in Sec. 12.1, the determination of the maximum abso-
lute values of the shear and of the bending moment in a beam are 
greatly facilitated if V and M are plotted against the distance x mea-
sured from one end of the beam. Besides, as you will see in Chap. 15, 
the knowledge of M as a function of x is essential to the determina-
tion of the deflection of a beam.
 In the examples and sample problems of this section, the shear 
and bending-moment diagrams will be obtained by determining the 
values of V and M at selected points of the beam. These values will 
be found in the usual way, i.e., by passing a section through the point 
where they are to be determined (Fig. 12.5a) and considering the 
equilibrium of the portion of beam located on either side of the sec-
tion (Fig. 12.5b). Since the shear forces V and V9 have opposite 
senses, recording the shear at point C with an up or down arrow 
would be meaningless, unless we indicated at the same time which 
of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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†Note that this convention is the same that we used earlier in Sec. 11.2.
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greatly facilitated if V and M are plotted against the distance x mea-
sured from one end of the beam. Besides, as you will see in Chap. 15, 
the knowledge of M as a function of x is essential to the determina-
tion of the deflection of a beam.
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and bending-moment diagrams will be obtained by determining the 
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be found in the usual way, i.e., by passing a section through the point 
where they are to be determined (Fig. 12.5a) and considering the 
equilibrium of the portion of beam located on either side of the sec-
tion (Fig. 12.5b). Since the shear forces V and V9 have opposite 
senses, recording the shear at point C with an up or down arrow 
would be meaningless, unless we indicated at the same time which 
of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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x

P1 P2
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B

C
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wP1

RA

(b)V

M
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RB

M'

V'

Fig. 12.5

V

M

M'

V'

(a)  Internal forces
(positive shear and positive bending moment)

(b)  Effect of external forces
(positive shear)

(c)  Effect of external forces
(positive bending moment)

Fig. 12.6

†Note that this convention is the same that we used earlier in Sec. 11.2.

12.2 Shear and Bending-Moment Diagrams
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5-2-7- مقادیر حداکثر نیروهای برشی و لنگر خمشی در تیرها با بار متمرکز
را   C دلخواه  نقطه  در  خمشی  لنگر  و  برشی  نیروی  محاسبه  چگونگی  قبل  مثال  در 
مشاهده نمودیم. برای مهندسین معمولًا مقدار ماکزیمم نیروهای داخلی و محل آن ها مهم است.

حال این سوال مطرح می شود که مقادیر نیروی برشی و لنگر خمشی حداکثر در کدام 
نقطه از طول تیر به وجود می آید؟

برای پاسخ به این سوال باید مقادیر نیروی برشی و لنگر خمشی را در تمام نقاط طول 
تیر همانند مثال قبل محاسبه نموده تا مقادیر حداکثر مورد نظر و محل آن ها مشخص شود که 
این روش، کاری است طاقت فرسا. لذا بهتر است که مقادیر نیروی برشی و لنگر خمشی در 
طول تیر را به صورت نمودار نشان داده و از روی نمودار مقادیر حداکثر نیروی برشی و لنگر 

خمشی و محل آن ها را تعیین نمود.

گام3( برای تعیین نیروهای داخلی در مقطع C، تیر را در این نقطه به دو قسمت تقسیم نموده 
و قطعة سمت چپ را مورد بررسی قرار می دهیم.
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5-2-8- ترسیم نمودارهای نیروی برشی و لنگر خمشی تیرها با بار متمرکز
نمودار نیروی برشی و یا لنگر خمشی عبارت است از نموداری که مقادیر نیروی برشی 
و لنگر خمشی را در هر نقطه از تیر مشخص نماید. هدف از ترسیم چنین نمودارهایی تعیین 
نقاطی است که حداکثر نیروی برشی و لنگر خمشی در آن ها به وجود می آید .برای رسیدن به 
این هدف تیر را در محل هایی که بارگذاری آن تغییر می نماید به چند ناحیه تقسیم نموده و 
در هر ناحیه معادلات نیروی برشی و لنگر خمشی را بر حسب طول تیر تعیین و سپس نمودار 

معادلات مذکور ترسیم می گردد.                                                            
مراحل ترسیم نمودارهای نیروی برشی و لنگر خمشی در تیر با بار متمرکز به شرح 

ذیل خواهد بود: 
1- محاسبه عکس العمل های تکیه گاهی تیر

2- مابین هر دو بار متمرکز یک مقطع به فاصله X از تکیه گاه در نظر گرفته و محدوده 
X را تعیین می نماییم. عکس العمل های تکیه گاهی نیز، بار متمرکز محسوب می شوند.

ترسیم  را  نظر  مورد  مقطع  راست  یا  و  چپ  سمت  قطعات  از  یکی  آزاد  پیکر   -3
می کنیم.

4- با تشکیل معادلات تعادل برای این قطعه به معادلات نیروی برشی و لنگر خمشی 
بر حسب X خواهیم رسید.

5- با ترسیم نمودارهای نیروی برشی و لنگر خمشی در محدوده های مختلف تیر به 
نمودارهای موردنظر دست می یابیم.
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مثال 3
و  برشی  نیروی  نمودارهای 
را  مقابل  تیر  خمشی  لنگر 

ترسیم نمائید.

50512.2  SHEAR AND BENDING-MOMENT DIAGRAMS
As indicated in Sec. 12.1, the determination of the maximum abso-
lute values of the shear and of the bending moment in a beam are 
greatly facilitated if V and M are plotted against the distance x mea-
sured from one end of the beam. Besides, as you will see in Chap. 15, 
the knowledge of M as a function of x is essential to the determina-
tion of the deflection of a beam.
 In the examples and sample problems of this section, the shear 
and bending-moment diagrams will be obtained by determining the 
values of V and M at selected points of the beam. These values will 
be found in the usual way, i.e., by passing a section through the point 
where they are to be determined (Fig. 12.5a) and considering the 
equilibrium of the portion of beam located on either side of the sec-
tion (Fig. 12.5b). Since the shear forces V and V9 have opposite 
senses, recording the shear at point C with an up or down arrow 
would be meaningless, unless we indicated at the same time which 
of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.

B
C

A

w

x

P1 P2

(a)

C

B

C

A

wP1

RA

(b)V

M

P2

RB

M'

V'

Fig. 12.5

V

M

M'

V'

(a)  Internal forces
(positive shear and positive bending moment)

(b)  Effect of external forces
(positive shear)

(c)  Effect of external forces
(positive bending moment)

Fig. 12.6

†Note that this convention is the same that we used earlier in Sec. 11.2.
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1- محاسبه عکس العمل های تکیه گاهی با توجه به تقارن تیر داریم: 
+
→+
→x x

y y

F B

A B kN

0 0

20 10
2

Σ = ⇒ =

= = =

2- مقطع  a-a به فاصله x از تکیه گاه A را در نظر گرفته و محدودة x را مشخص می نمائیم.

a-a 3- ترسیم پیکر آزاد قطعة سمت چپ مقطع

x m0 3≤ ≤
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4- با تشکیل معادلات تعادل برای قطعه فوق خواهیم داشت:

y a aF V V kN0 10 0 10+ ↑ Σ = ⇒ − = ⇒ =

y a aF V V kN0 10 0 10+ ↑ Σ = ⇒ − = ⇒ =

a a aM x M M x0 10 0 10
+

Σ = ⇒ × − = ⇒ =

a a aM x M M x0 10 0 10
+

Σ = ⇒ × − = ⇒ =

x m0 3≤ ≤ معادله نیروی برشی در محدودة 

x m0 3≤ ≤ معادله لنگر خمشی در محدودة 

m x m3 6≤ ≤ معادله نیروی برشی در محدودة 

m x m3 6≤ ≤ معادله لنگر خمشی در محدودة 

)I(

)II(

)III(

x مشخص  m0 3≤ ≤ این معادلات مقادیر نیروی برشی و لنگر خمشی را در محدودة 
می نمایند. 

m تکرار می نمائیم. خواهیم  x m3 6≤ ≤ عملیات فوق را برای مقطع b-b در محدودة 
داشت:

y b bF V V kN0 10 20 0 10+ ↑ Σ = ⇒ − − = ⇒ = −

y b bF V V kN0 10 20 0 10+ ↑ Σ = ⇒ − − = ⇒ = −

)IV(

b b

b
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M x (x ) M

M x (x )

M x
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+
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5- اکنون نمودار نیروی برشی را با استفاده از معادلات I و III ترسیم می نمائیم.
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50512.2  SHEAR AND BENDING-MOMENT DIAGRAMS
As indicated in Sec. 12.1, the determination of the maximum abso-
lute values of the shear and of the bending moment in a beam are 
greatly facilitated if V and M are plotted against the distance x mea-
sured from one end of the beam. Besides, as you will see in Chap. 15, 
the knowledge of M as a function of x is essential to the determina-
tion of the deflection of a beam.
 In the examples and sample problems of this section, the shear 
and bending-moment diagrams will be obtained by determining the 
values of V and M at selected points of the beam. These values will 
be found in the usual way, i.e., by passing a section through the point 
where they are to be determined (Fig. 12.5a) and considering the 
equilibrium of the portion of beam located on either side of the sec-
tion (Fig. 12.5b). Since the shear forces V and V9 have opposite 
senses, recording the shear at point C with an up or down arrow 
would be meaningless, unless we indicated at the same time which 
of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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(positive bending moment)

Fig. 12.6

†Note that this convention is the same that we used earlier in Sec. 11.2.
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 )V( نمودار نیروی برشی

 )M( نمودار لنگر خمشی

+

-

6- نمودار لنگر خمشی را با استفاده از معادلات II و IV و به روش نقطه یابی در نقاط ابتدا 
و انتهای هر ناحیه ترسیم می کنیم.

I نمودار معادله

II نمودار معادله
III نمودار معادله

IV نمودار معادله
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مثال 4
در تیر شکل مقابل مطلوب است:

الف- ترسیم دیاگرام نیروی برشی تیر
ب- ترسیم دیاگرام لنگر خمشی تیر

ج- تعیین نیروی برشی و لنگر خمشی حداکثر تیر.
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PROBLEMS

510

 12.1 through 12.4 For the beam and loading shown, (a) draw the 
shear and bending-moment diagrams, (b) determine the equations 
of the shear and bending-moment curves.

12.5 and 12.6 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.

12.7 and 12.8 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.
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 12.1 through 12.4 For the beam and loading shown, (a) draw the 
shear and bending-moment diagrams, (b) determine the equations 
of the shear and bending-moment curves.

12.5 and 12.6 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.

12.7 and 12.8 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.
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 12.1 through 12.4 For the beam and loading shown, (a) draw the 
shear and bending-moment diagrams, (b) determine the equations 
of the shear and bending-moment curves.

12.5 and 12.6 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
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shear and bending-moment diagrams, (b) determine the equations 
of the shear and bending-moment curves.
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shear and bending-moment diagrams, (b) determine the equations 
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of the shear and bending-moment curves.

12.5and 12.6 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.

12.7and 12.8 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.

B

P

C A

L

b a

Fig. P12.1

B

w

A

L

Fig. P12.2

B

w0

A

L

Fig. P12.3

D

w

A
B

aa

C

L

Fig. P12.4

48 kN60 kN60 kN

0.6 m0.9 m

A
CDE

B

1.5 m1.5 m

Fig. P12.5

B ACDE

200 N200 N200 N 500 N

300300 225225

Dimensions in mm

Fig. P12.6

B A
C

3 kips/ft30 kips

3 ft 6 ft

Fig. P12.7

B
A

CD

4 ft4 ft4 ft

2 kips/ft15 kips

Fig. P12.8

bee80156_ch12_500-535.indd Page 510  10/8/09  4:35:33 AM user-s173/Volumes/MHDQ-New/MHDQ152/MHDQ152-12

PROBLEMS

510
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of the shear and bending-moment curves.
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 12.1 through 12.4 For the beam and loading shown, (a) draw the 
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خلاصة فصل
• خرپاها به دو گروه کلی صفحه ای و فضایی تقسیم می شوند.

• خرپاها تشکیل شبکة مثلثی می دهند.
• نیروهای خارجی وارد بر خرپاها در صفحه خرپا و در محل گره ها به آن ها اعمال می شود.

• اعضای خرپاها به صورت مفصلی به یکدیگر متصل می شوند.
نیروی داخلی هر عضو خرپا و محاسبة عکس العمل های  تعیین  از تحلیل خرپا،  • منظور 

تکیه گاهی آن می باشد.
• برای تحلیل خرپاها از روش مفصل )گره( استفاده می شود.

• در گره های دارای دو عضو غیر هم راستا در صورتی که نیروی خارجی وجود نداشته 
باشد هر دو عضو صفر نیرویی خواهند بود.

• در گره های دارای سه عضو که دو عضو آن ها هم راستا باشند، در صورت عدم وجود 
نیروی خارجی در آن گره، عضو سوم، صفر نیرویی خواهد بود.

• هدف از تحلیل تیر، تعیین عکس العمل های تکیه گاهی و نیروهای داخلی در هر مقطع از 
تیر می باشد.

• تیرها در اثر اعمال بارهای خارجی دارای رفتارهای خمشی و برشی می باشند.
• نیروهای داخلی در هر مقطع از تیر عبارتند از : نیروی برشی و لنگر خمشی.

• مقدار برآیند بارهای گسترده یکنواخت برابر است با مساحت بار گسترده.
وارده  بار  مستطیل  قطر  دو  تلاقی  محل  در  یکنواخت  گسترده  بارهای  برآیند  اثر  محل   •

می باشد.
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خودآزمایی

1- در خرپای شکل زیر مطلوب است:
الف( محاسبه عکس العمل های تکیه گاهی

ب( محاسبه نیروهای داخلی اعضا و تعیین کششی یا فشاری بودن آن ها

229 In this chapter, three broad categories of engineering structures 
will be considered:

 1. Trusses, which are designed to support loads and are usually 
stationary, fully constrained structures. Trusses consist exclu-
sively of straight members connected at joints located at the 
ends of each member. Members of a truss, therefore, are two-
force members, i.e., members acted upon by two equal and 
opposite forces directed along the member.

 2. Frames, which are also designed to support loads and are also 
usually stationary, fully constrained structures. However, like 
the crane of Fig. 6.1, frames always contain at least one mul-
tiforce member, i.e., a member acted upon by three or more 
forces which, in general, are not directed along the 
member.

 3. Machines, which are designed to transmit and modify forces 
and are structures containing moving parts. Machines, like 
frames, always contain at least one multiforce member.

TRUSSES

6.2 DEFINITION OF A TRUSS
The truss is one of the major types of engineering structures. It 
provides both a practical and an economical solution to many engi-
neering situations, especially in the design of bridges and buildings. 
A typical truss is shown in Fig. 6.2a. A truss consists of straight 
members connected at joints. Truss members are connected at their 
extremities only; thus no member is continuous through a joint. In 
Fig. 6.2a, for example, there is no member AB; there are instead two 
distinct members AD and DB. Most actual structures are made of 
several trusses joined together to form a space framework. Each truss 
is designed to carry those loads which act in its plane and thus may 
be treated as a two-dimensional structure.
 In general, the members of a truss are slender and can sup-
port little lateral load; all loads, therefore, must be applied to the 
various joints, and not to the members themselves. When a con-
centrated load is to be applied between two joints, or when a dis-
tributed load is to be supported by the truss, as in the case of a 
bridge truss, a floor system must be provided which, through the 
use of stringers and floor beams, transmits the load to the joints 
(Fig. 6.3).
 The weights of the members of the truss are also assumed to 
be applied to the joints, half of the weight of each member being 
applied to each of the two joints the member connects. Although 
the members are actually joined together by means of welded, 
bolted, or riveted connections, it is customary to assume that the 
members are pinned together; therefore, the forces acting at each 
end of a member reduce to a single force and no couple. Thus, the 
only forces assumed to be applied to a truss member are a single 

A B

C

D

(a)

(b)

P

A B

C

D

P

Fig. 6.2

6.2 Defi nition of a Truss

Photo 6.1 Shown is a pin-jointed connection 
on the approach span to the San Francisco–
Oakland Bay Bridge.
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2- در خرپاهای زیر نیروهای داخلی اعضا را محاسبه نمایید.

PROBLEMS

238

 6.1 through 6.18 Using the method of joints, determine the force 
in each member of the truss shown. State whether each member 
is in tension or compression.
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 6.1 through 6.18 Using the method of joints, determine the force 
in each member of the truss shown. State whether each member 
is in tension or compression.
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 6.1 through 6.18 Using the method of joints, determine the force 
in each member of the truss shown. State whether each member 
is in tension or compression.
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3- در خرپای شکل زیر
اولًا: اعضای صفر نیرویی را تعیین کنید.

ثانیاً: نیروی داخلی سایر اعضا را محاسبه کنید.
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 6.1 through 6.18 Using the method of joints, determine the force 
in each member of the truss shown. State whether each member 
is in tension or compression.
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4- در خرپاهای زیر اعضای صفر نیرویی را مشخص نمایید.

239Problems

 6.19 Determine whether the trusses given as Probs. 6.17, 6.21, and 6.23 
are simple trusses.

 6.20 Determine whether the trusses given as Probs. 6.12, 6.14, 6.22, 
and 6.24 are simple trusses.
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 6.19 Determine whether the trusses given as Probs. 6.17, 6.21, and 6.23 
are simple trusses.

 6.20 Determine whether the trusses given as Probs. 6.12, 6.14, 6.22, 
and 6.24 are simple trusses.
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 6.19 Determine whether the trusses given as Probs. 6.17, 6.21, and 6.23 
are simple trusses.

 6.20 Determine whether the trusses given as Probs. 6.12, 6.14, 6.22, 
and 6.24 are simple trusses.
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5- عکس العمل های تکیه گاهی تیرهای زیر را به دست آورید.
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239Problems

 6.19 Determine whether the trusses given as Probs. 6.17, 6.21, and 6.23 
are simple trusses.

 6.20 Determine whether the trusses given as Probs. 6.12, 6.14, 6.22, 
and 6.24 are simple trusses.
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239Problems

 6.19 Determine whether the trusses given as Probs. 6.17, 6.21, and 6.23 
are simple trusses.

 6.20 Determine whether the trusses given as Probs. 6.12, 6.14, 6.22, 
and 6.24 are simple trusses.
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239Problems

 6.19 Determine whether the trusses given as Probs. 6.17, 6.21, and 6.23 
are simple trusses.

 6.20 Determine whether the trusses given as Probs. 6.12, 6.14, 6.22, 
and 6.24 are simple trusses.
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5/132 Draw the shear and moment diagrams for the beam
subjected to the two point loads. Determine the
maximum bending moment and its location.

Problem 5/132

Representative Problems

5/133 Draw the shear and moment diagrams for the
loaded beam and find the maximum magnitude M
of the bending moment.

Problem 5/133

5/134 Construct the shear and moment diagrams for the
beam loaded by the 2-kN force and the 1.6-kN m
couple. State the value of the bending moment at
point B.

Problem 5/134
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Article 5/7 Problems 287

5/135 Draw the shear and moment diagrams for the uni-
formly loaded beam and find the maximum bend-
ing moment .

Problem 5/135

5/136 Draw the shear and moment diagrams for the
loaded beam and determine the maximum value

of the moment.

Problem 5/136

5/137 Draw the shear and moment diagrams for the
loaded cantilever beam where the end couple is
adjusted so as to produce zero moment at the fixed
end of the beam. Find the bending moment M at

.

Problem 5/137
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5/132 Draw the shear and moment diagrams for the beam
subjected to the two point loads. Determine the
maximum bending moment and its location.

Problem 5/132

Representative Problems

5/133 Draw the shear and moment diagrams for the
loaded beam and find the maximum magnitude M
of the bending moment.

Problem 5/133

5/134 Construct the shear and moment diagrams for the
beam loaded by the 2-kN force and the 1.6-kN m
couple. State the value of the bending moment at
point B.

Problem 5/134
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Article 5/7 Problems 287

5/135 Draw the shear and moment diagrams for the uni-
formly loaded beam and find the maximum bend-
ing moment .

Problem 5/135

5/136 Draw the shear and moment diagrams for the
loaded beam and determine the maximum value

of the moment.

Problem 5/136

5/137 Draw the shear and moment diagrams for the
loaded cantilever beam where the end couple is
adjusted so as to produce zero moment at the fixed
end of the beam. Find the bending moment M at

.

Problem 5/137
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5/132 Draw the shear and moment diagrams for the beam
subjected to the two point loads. Determine the
maximum bending moment and its location.

Problem 5/132

Representative Problems

5/133 Draw the shear and moment diagrams for the
loaded beam and find the maximum magnitude M
of the bending moment.

Problem 5/133

5/134 Construct the shear and moment diagrams for the
beam loaded by the 2-kN force and the 1.6-kN m
couple. State the value of the bending moment at
point B.

Problem 5/134
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Article 5/7 Problems 287

5/135 Draw the shear and moment diagrams for the uni-
formly loaded beam and find the maximum bend-
ing moment .

Problem 5/135

5/136 Draw the shear and moment diagrams for the
loaded beam and determine the maximum value

of the moment.

Problem 5/136

5/137 Draw the shear and moment diagrams for the
loaded cantilever beam where the end couple is
adjusted so as to produce zero moment at the fixed
end of the beam. Find the bending moment M at

.

Problem 5/137
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5/142 Draw the shear and moment diagrams for the beam
loaded as shown. Specify the maximum moment

.

Problem 5/142

5/143 Determine the maximum bending moment M and
the corresponding value of x in the crane beam and
indicate the section where this moment acts.

Problem 5/143

5/144 Draw the shear and moment diagrams for the
beam loaded by the force F applied to the strut
welded to the beam as shown. Specify the bending
moment at point B.

Problem 5/144
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5/138 Determine the shear and moment diagrams for the
loaded cantilever beam. Specify the shear V and
moment M at the middle section of the beam.

Problem 5/138

5/139 The shear force in pounds in a certain beam is
given by where x is the distance
in feet measured along the beam. Determine the
corresponding variation with x of the normal load-
ing w in pounds per foot of length. Also determine
the bending moment M at if the bending
moment at is .

5/140 Draw the shear and moment diagrams for the lin-
early loaded cantilever beam and specify the bend-
ing moment at the support A.

Problem 5/140

5/141 Draw the shear and moment diagrams for the lin-
early loaded simple beam shown. Determine the
maximum magnitude of the bending moment M.

Problem 5/141

l/2 l/2

w0

A

l

w0

MA

�1600 lb-ftx � 1 ft 
x � 3 ft

V � 2200x – 40x3

600 N/m

8 m

4 mA 4 m

8 m

Nq
m

600=

A B



92

P
R
O
B
L
E
M
S

2
3
8

 

6
.1

th
r
o
u
g
h
 
6
.1
8
 

U
sin
g
 th
e
 m
e
th
o
d
 o
f jo
in
ts, d
e
te
rm
in
e
 th
e
 fo
rc
e
 

in
 e
a
c
h
 m
e
m
b
e
r o
f th
e
 tru
ss sh
o
w
n
. S
ta
te
 w
h
e
th
e
r e
a
c
h
 m
e
m
b
e
r 

is in
 te
n
sio
n
 o
r c
o
m
p
re
ssio
n
.

1
8
0
0
 lb

4
 ft

8
 ft

3
 ft

A

B

C

F
ig
. 
P
6
.1

A

B

C

8
4
 k
N

3
 m

1
.2
5
 m

4
 m

F
ig
. 
P
6
.2

A

B

4
5
0
 lb

C

2
4
 in
.

7
.5
 in
.

1
0
 in
.

F
ig
. 
P
6
.3

D

C
A

B

0
.7
 m

2
.4
 m

2
.4
 m

4
8
 k
N

3
5
 k
N

F
ig
. 
P
6
.4

4
0
 in
.

3
2
 in
.

3
0
 in
.

CB

A

6
0
0
 lb

F
ig
. 
P
6
.5

4
0
0
 m
m

5
0
0
 m
m

3
7
5
 m
m

B

C

A1
2
0
0
 N

F
ig
. 
P
6
.6

A

C

D

B

3
 m

3
 m

1
.2
5
 m

2
 k
N

2
 k
N

F
ig
. 
P
6
.7

A

B

C

D

E

F

2
0
 k
N

1
2
 k
N

5
 k
N

5
 k
N

1
.6
 m

3
 m

3
 m

F
ig
. 
P
6
.8

A

B

C

D

E

F
1
2
 k
ip
s

1
8
 k
ip
s

5
 ft

5
 ft

1
2
 ft

F
ig
. 
P
6
.9

b
e
e
8
0
1
5
6
_
c
h
0
6
_
2
2
6
-
2
7
5
.
i
n
d
d
 
P
a
g
e
 
2
3
8
 
 
1
0
/
1
6
/
0
9
 
 
1
1
:
5
0
:
4
6
 
A
M
 
u
s
e
r
-
s
1
7
3

/
V
o
l
u
m
e
s
/
M
H
D
Q
-
N
e
w
/
M
H
D
Q
1
5
2
/
M
H
D
Q
1
5
2
-
0
6

P
R
O
B
L
E
M
S

2
3
8

 

6
.1

th
r
o
u
g
h
 
6
.1
8
 

U
sin
g
 th
e
 m
e
th
o
d
 o
f jo
in
ts, d
e
te
rm
in
e
 th
e
 fo
rc
e
 

in
 e
a
c
h
 m
e
m
b
e
r o
f th
e
 tru
ss sh
o
w
n
. S
ta
te
 w
h
e
th
e
r e
a
c
h
 m
e
m
b
e
r 

is in
 te
n
sio
n
 o
r c
o
m
p
re
ssio
n
.

1
8
0
0
 lb

4
 ft

8
 ft

3
 ft

A

B

C

F
ig
. 
P
6
.1

A

B

C

8
4
 k
N

3
 m

1
.2
5
 m

4
 m

F
ig
. 
P
6
.2

A

B

4
5
0
 lb

C

2
4
 in
.

7
.5
 in
.

1
0
 in
.

F
ig
. 
P
6
.3

D

C
A

B

0
.7
 m

2
.4
 m

2
.4
 m

4
8
 k
N

3
5
 k
N

F
ig
. 
P
6
.4

4
0
 in
.

3
2
 in
.

3
0
 in
.

CB

A

6
0
0
 lb

F
ig
. 
P
6
.5

4
0
0
 m
m

5
0
0
 m
m

3
7
5
 m
m

B

C

A1
2
0
0
 N

F
ig
. 
P
6
.6

A

C

D

B

3
 m

3
 m

1
.2
5
 m

2
 k
N

2
 k
N

F
ig
. 
P
6
.7

A

B

C

D

E

F

2
0
 k
N

1
2
 k
N

5
 k
N

5
 k
N

1
.6
 m

3
 m

3
 m

F
ig
. 
P
6
.8

A

B

C

D

E

F
1
2
 k
ip
s

1
8
 k
ip
s

5
 ft

5
 ft

1
2
 ft

F
ig
. 
P
6
.9

b
e
e
8
0
1
5
6
_
c
h
0
6
_
2
2
6
-
2
7
5
.
i
n
d
d
 
P
a
g
e
 
2
3
8
 
 
1
0
/
1
6
/
0
9
 
 
1
1
:
5
0
:
4
6
 
A
M
 
u
s
e
r
-
s
1
7
3

/
V
o
l
u
m
e
s
/
M
H
D
Q
-
N
e
w
/
M
H
D
Q
1
5
2
/
M
H
D
Q
1
5
2
-
0
6

6- در تیرهای زیر مطلوب است:
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5/128 Draw the shear and moment diagrams for the
loaded beam and determine the distance d to the
right of A where the moment is zero.

Problem 5/128

5/129 Draw the shear and moment diagrams for the
beam loaded at its center by the couple C. State
the value of the shear force at midbeam.

Problem 5/129

5/130 Draw the shear and moment diagrams for the
loaded beam. What are the values of the shear and
moment at midbeam?

Problem 5/130

5/131 Draw the shear and moment diagrams for the
beam shown and find the bending moment M at
section C.

Problem 5/131
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PROBLEMS
Introductory Problems

5/125 Determine the shear-force and bending-moment
distributions produced in the beam by the concen-
trated load. What are the values of the shear and
moment when 

Problem 5/125

5/126 Draw the shear and moment diagrams for the loaded
cantilever beam. State the value of the bending mo-
ment at midbeam.

Problem 5/126

5/127 Draw the shear and moment diagrams for the div-
ing board, which supports the 175-lb man poised to
dive. Specify the bending moment with the maxi-
mum magnitude.

Problem 5/127
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PP
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P
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x � l /2?

6000 N
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5/128 Draw the shear and moment diagrams for the
loaded beam and determine the distance d to the
right of A where the moment is zero.

Problem 5/128

5/129 Draw the shear and moment diagrams for the
beam loaded at its center by the couple C. State
the value of the shear force at midbeam.

Problem 5/129

5/130 Draw the shear and moment diagrams for the
loaded beam. What are the values of the shear and
moment at midbeam?

Problem 5/130

5/131 Draw the shear and moment diagrams for the
beam shown and find the bending moment M at
section C.

Problem 5/131
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PROBLEMS
Introductory Problems

5/125 Determine the shear-force and bending-moment
distributions produced in the beam by the concen-
trated load. What are the values of the shear and
moment when 

Problem 5/125

5/126 Draw the shear and moment diagrams for the loaded
cantilever beam. State the value of the bending mo-
ment at midbeam.

Problem 5/126

5/127 Draw the shear and moment diagrams for the div-
ing board, which supports the 175-lb man poised to
dive. Specify the bending moment with the maxi-
mum magnitude.

Problem 5/127
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5/128 Draw the shear and moment diagrams for the
loaded beam and determine the distance d to the
right of A where the moment is zero.

Problem 5/128

5/129 Draw the shear and moment diagrams for the
beam loaded at its center by the couple C. State
the value of the shear force at midbeam.

Problem 5/129

5/130 Draw the shear and moment diagrams for the
loaded beam. What are the values of the shear and
moment at midbeam?

Problem 5/130

5/131 Draw the shear and moment diagrams for the
beam shown and find the bending moment M at
section C.

Problem 5/131
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PROBLEMS
Introductory Problems

5/125 Determine the shear-force and bending-moment
distributions produced in the beam by the concen-
trated load. What are the values of the shear and
moment when 

Problem 5/125

5/126 Draw the shear and moment diagrams for the loaded
cantilever beam. State the value of the bending mo-
ment at midbeam.

Problem 5/126

5/127 Draw the shear and moment diagrams for the div-
ing board, which supports the 175-lb man poised to
dive. Specify the bending moment with the maxi-
mum magnitude.

Problem 5/127
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5/128 Draw the shear and moment diagrams for the
loaded beam and determine the distance d to the
right of A where the moment is zero.

Problem 5/128

5/129 Draw the shear and moment diagrams for the
beam loaded at its center by the couple C. State
the value of the shear force at midbeam.

Problem 5/129

5/130 Draw the shear and moment diagrams for the
loaded beam. What are the values of the shear and
moment at midbeam?

Problem 5/130

5/131 Draw the shear and moment diagrams for the
beam shown and find the bending moment M at
section C.

Problem 5/131
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PROBLEMS
Introductory Problems

5/125 Determine the shear-force and bending-moment
distributions produced in the beam by the concen-
trated load. What are the values of the shear and
moment when 

Problem 5/125

5/126 Draw the shear and moment diagrams for the loaded
cantilever beam. State the value of the bending mo-
ment at midbeam.

Problem 5/126

5/127 Draw the shear and moment diagrams for the div-
ing board, which supports the 175-lb man poised to
dive. Specify the bending moment with the maxi-
mum magnitude.

Problem 5/127
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