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expressions can then, by the principle of linear superposition, be added to give

(6.30)

The second term on the right corresponds to bending about the z axis of symmetry
and comes directly from Eq. 6.13. The first term is a modification of Eq. 6.13 for
bending about the y axis of symmetry. Note that this My term in Eq. 6.30 is positive.
As illustrated in Fig. 6.25a, a positive My produces tension (i.e., positive �x) where z
is positive. Since the y axis and z axis are both axes of symmetry of the cross section,
their origin is the centroid of the cross section, as indicated in Fig. 6.24b. Figure 6.25
illustrates the superposition of the stresses due to moment components My and Mz

acting on a rectangular cross section.

Orientation of the Neutral Axis: Due to the combined stresses, the beam will
bend about the inclined neutral axis indicated by NA in Figs. 6.25c and 6.25d.
The orientation of the neutral axis in a cross section may be determined by set-
ting �x � 0 in Eq. 6.30. Then, if (y*, z*) are the coordinates of points that lie on
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9-1             تنش خمشی در تیرها با مقطع متقارن 
خم   )2-9( شکل  صورت  به  شده،  داده  نشان  بارگذاری  با  تیر   )1-9( شکل  در 

می گردد.

هدف های رفتاری
پس از آموزش این فصل از فراگیر انتظار می رود بتواند:

1- تنش خمشی را در تیرها بشناسد.
2- تنش خمشی حداکثر در هر مقطع از تیر با مقاطع متقارن را با بار متمرکز محاسبه 

کند.
3- حداکثر تنش خمشی تیرها با مقاطع متقارن را با بار متمرکز به دست آورد.

4- شماره مقطع مورد نیاز تیرها تحت بار متمرکز را به کمک رابطة خمش، با استفاده 
از پروفیل های استاندارد تک یا دوبل به دست آورد.

449Suppose that the member is divided into a large number of 
small cubic elements with faces respectively parallel to the three 
coordinate planes. The property we have established requires that 
these elements be transformed as shown in Fig. 11.9 when the 
 member is subjected to the couples M and M9. Since all the faces 
represented in the two projections of Fig. 11.9 are at 908 to each 
other, we conclude that gxy 5 gzx 5 0 and, thus, that txy 5 txz 5 0. 
Regarding the three stress components that we have not yet dis-
cussed, namely, sy, sz, and tyz, we note that they must be zero on 
the surface of the member. Since, on the other hand, the deforma-
tions involved do not require any interaction between the elements 
of a given transverse cross section, we can assume that these three 
stress components are equal to zero throughout the member. This 
assumption is verified, both from experimental evidence and from 
the theory of elasticity, for slender members undergoing small defor-
mations. We conclude that the only nonzero stress component 
exerted on any of the small cubic elements considered here is the 
normal component sx. Thus, at any point of a slender member in 
pure bending, we have a state of uniaxial stress. Recalling that, for 
M . 0, lines AB and A9B9 are observed, respectively, to decrease 
and increase in length, we note that the strain Px and the stress sx 
are negative in the upper portion of the member (compression) and 
positive in the lower portion (tension).

It follows from the above that there must exist a surface paral-
lel to the upper and lower faces of the member, where Px and sx 
are zero. This surface is called the neutral surface. The neutral 
surface intersects the plane of symmetry along an arc of circle DE 
(Fig. 11.10a), and it intersects a transverse section along a straight 
line called the neutral axis of the section (Fig. 11.10b). The origin 
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of coordinates will now be selected on the neutral surface, rather 
than on the lower face of the member as done earlier, so that the 
distance from any point to the neutral surface will be measured by 
its coordinate y.

11.3 Deformations in a Symmetric Member 
in Pure Bending
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50512.2  SHEAR AND BENDING-MOMENT DIAGRAMS
As indicated in Sec. 12.1, the determination of the maximum abso-
lute values of the shear and of the bending moment in a beam are 
greatly facilitated if V and M are plotted against the distance x mea-
sured from one end of the beam. Besides, as you will see in Chap. 15, 
the knowledge of M as a function of x is essential to the determina-
tion of the deflection of a beam.
 In the examples and sample problems of this section, the shear 
and bending-moment diagrams will be obtained by determining the 
values of V and M at selected points of the beam. These values will 
be found in the usual way, i.e., by passing a section through the point 
where they are to be determined (Fig. 12.5a) and considering the 
equilibrium of the portion of beam located on either side of the sec-
tion (Fig. 12.5b). Since the shear forces V and V9 have opposite 
senses, recording the shear at point C with an up or down arrow 
would be meaningless, unless we indicated at the same time which 
of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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(a)  Internal forces
(positive shear and positive bending moment)

(b)  Effect of external forces
(positive shear)

(c)  Effect of external forces
(positive bending moment)

Fig. 12.6

†Note that this convention is the same that we used earlier in Sec. 11.2.
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beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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449Suppose that the member is divided into a large number of 
small cubic elements with faces respectively parallel to the three 
coordinate planes. The property we have established requires that 
these elements be transformed as shown in Fig. 11.9 when the 
 member is subjected to the couples M and M9. Since all the faces 
represented in the two projections of Fig. 11.9 are at 908 to each 
other, we conclude that gxy 5 gzx 5 0 and, thus, that txy 5 txz 5 0. 
Regarding the three stress components that we have not yet dis-
cussed, namely, sy, sz, and tyz, we note that they must be zero on 
the surface of the member. Since, on the other hand, the deforma-
tions involved do not require any interaction between the elements 
of a given transverse cross section, we can assume that these three 
stress components are equal to zero throughout the member. This 
assumption is verified, both from experimental evidence and from 
the theory of elasticity, for slender members undergoing small defor-
mations. We conclude that the only nonzero stress component 
exerted on any of the small cubic elements considered here is the 
normal component sx. Thus, at any point of a slender member in 
pure bending, we have a state of uniaxial stress. Recalling that, for 
M . 0, lines AB and A9B9 are observed, respectively, to decrease 
and increase in length, we note that the strain Px and the stress sx 
are negative in the upper portion of the member (compression) and 
positive in the lower portion (tension).

It follows from the above that there must exist a surface paral-
lel to the upper and lower faces of the member, where Px and sx 
are zero. This surface is called the neutral surface. The neutral 
surface intersects the plane of symmetry along an arc of circle DE 
(Fig. 11.10a), and it intersects a transverse section along a straight 
line called the neutral axis of the section (Fig. 11.10b). The origin 
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of coordinates will now be selected on the neutral surface, rather 
than on the lower face of the member as done earlier, so that the 
distance from any point to the neutral surface will be measured by 
its coordinate y.

11.3 Deformations in a Symmetric Member 
in Pure Bending
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50512.2  SHEAR AND BENDING-MOMENT DIAGRAMS
As indicated in Sec. 12.1, the determination of the maximum abso-
lute values of the shear and of the bending moment in a beam are 
greatly facilitated if V and M are plotted against the distance x mea-
sured from one end of the beam. Besides, as you will see in Chap. 15, 
the knowledge of M as a function of x is essential to the determina-
tion of the deflection of a beam.
 In the examples and sample problems of this section, the shear 
and bending-moment diagrams will be obtained by determining the 
values of V and M at selected points of the beam. These values will 
be found in the usual way, i.e., by passing a section through the point 
where they are to be determined (Fig. 12.5a) and considering the 
equilibrium of the portion of beam located on either side of the sec-
tion (Fig. 12.5b). Since the shear forces V and V9 have opposite 
senses, recording the shear at point C with an up or down arrow 
would be meaningless, unless we indicated at the same time which 
of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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†Note that this convention is the same that we used earlier in Sec. 11.2.
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ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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P

فشرده  آن  فوقانی  تارهای  و  شده  کشیده  تیر  تحتانی  تارهای  که  می شود  ملاحظه   
می شود بنابراین در هر مقطع این تیر، ناحیه تحتانی دارای تنش کششی  و ناحیه فوقانی دارای 

تنش فشاری می باشد که به تنش های مذکور تنش های خمشی گفته می شود. 
)c ایجادشده در مقطع تیر مطابق شکل  )σ )t و فشاری  )σ حداکثر تنش های کششی 

)9-3( به ترتیب در تارهای تحتانی و فوقانی خواهد بود. 

شکل 9-2شکل 1-9

شکل 3-9

expressions can then, by the principle of linear superposition, be added to give

(6.30)

The second term on the right corresponds to bending about the z axis of symmetry
and comes directly from Eq. 6.13. The first term is a modification of Eq. 6.13 for
bending about the y axis of symmetry. Note that this My term in Eq. 6.30 is positive.
As illustrated in Fig. 6.25a, a positive My produces tension (i.e., positive �x) where z
is positive. Since the y axis and z axis are both axes of symmetry of the cross section,
their origin is the centroid of the cross section, as indicated in Fig. 6.24b. Figure 6.25
illustrates the superposition of the stresses due to moment components My and Mz

acting on a rectangular cross section.

Orientation of the Neutral Axis: Due to the combined stresses, the beam will
bend about the inclined neutral axis indicated by NA in Figs. 6.25c and 6.25d.
The orientation of the neutral axis in a cross section may be determined by set-
ting �x � 0 in Eq. 6.30. Then, if (y*, z*) are the coordinates of points that lie on
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مقدار این تنش ها از رابطة )9-1( محاسبه می گردد که به رابطة خمش معروف است:

9-1-1- تنش های خمشی حداکثر در تیر
در هر مقطع دلخواه از تیر  max( )σ رابطة )9-1( مقادیر حداکثر تنش کششی یا فشاری 

را تعیین می کند.
برای محاسبه حداکثر تنش کششی یا فشاری در طول تیر لازم است در رابطه )1-9( 

max(M را از نمودار لنگر خمشی تیر جایگزین نمائیم. یعنی: ) لنگر خمشی حداکثر تیر 

MC
I

σ =

max
max

M C
I

σ =

)1-9(

)2-9(

در این رابطه:
M : لنگر خمشی در مقطع مورد نظر

C : فاصلة دورترین تارهای کششی یا فشاری مقطع از محور خمش
I : ممان اینرسی حول محور خمش تیر می باشد.

)c حداکثر، در مقطع مورد نظر می باشد که  )σ )t و یا فشاری  )σ σ : تنش کششی 
در مقاطع متقارن با هم برابرند.

م مربوط به این موضوع را ببینید.
فیل
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مثال 1
در تیر شکل مقابل که متشکل از یک IPE 180 mm  می باشد، با توجه به نمودار لنگر 

خمشی تیر مطلوب است محاسبة:
الف( تنش خمشی حداکثر در مقطع a-a به فاصلة 1 متر از تکیه گاه سمت چپ 

ب( تنش خمشی حداکثر تیر

a
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M /M
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M kN.m

M N.mm6
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I

σ =

construct shear and moment diagrams for any beam with simple loading, once you
have determined the loads and reactions acting on the beam.2 There are also several
MDSolids examples that employ the graphical method.

328
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Use Eqs. 5.2 through 5.7 to sketch shear and moment diagrams for the
simply-supported beam shown in Fig. 1.

Plan the Solution We can use a free-body diagram of the beam AC to
determine the reactions at A and C. Since there is no distributed load on
the beam, p(x) � 0 everywhere. Because of the concentrated load at B.
we need to consider two spans, 0 � x � a and a � x � L.

Solution

Equilibrium—Reactions: To determine the reactions Ay and Cy, we first
draw the free-body diagram of the entire beam AC (Fig. 2).

Fig. 2 A free-body diagram.

Shear Diagram: Equations 5.2, 5.4, and 5.6 involve the shear. Using
these equations, we can sketch V(x) progressively from x � 0 to x � L.
It is convenient to sketch the shear and moment diagrams directly below
the load diagram (Fig. 3a). Each step involved in sketching V(x) is 
numbered in Fig. 3b.

1. The shear at x � 0� is zero.
2. The shear at x � 0� is determined from Eq. 5.4, that is, �VA �

Ay � . Note that, because of the sign convention for shear,

an upward concentrated force causes an upward jump in the shear 
diagram.

3. For 0 � x � a, p(x) � 0. Therefore, from Eq. 5.2, dV/dx � 0.

P(L � a)
L

Ay �
P(L � a)

L
AyL � P(L � a) � 0,aaMb

C
� 0:

Cy � P a a
L
bPa � CyL � 0,aaMb

A
� 0:

Fig. 3 Shear and moment diagrams.

2The graphical method is most useful when the “areas” in Eqs. 5.6 and 5.7 are simple rectangles or
triangles, that is, when the loads on the beam are either concentrated loads or uniform distributed loads.
The graphical method is also useful in interpreting the results of an equilibrium-method solution.
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حل:
الف( مقدار لنگر خمشی در مقطع a-a به فاصلة 1 متر از تکیه گاه سمت چپ با توجه به 

نمودار لنگر خمشی و استفاده از تناسب به صورت زیر به دست می آید.

تنش خمشی ماکزیمم در مقطع a-a از رابطة خمش به صورت زیر محاسبه می شود.

مقطع تیر

453In the case of structural steel, American standard beams (S-
beams) and wide-flange beams (W-beams), Photo 11.3, are preferred 

to other shapes because a large portion of their cross section is 
located far from the neutral axis (Fig. 11.13). Thus, for a given cross-
sectional area and a given depth, their design provides large values 
of I and, consequently, of S. Values of the elastic section modulus of 
commonly manufactured beams can be obtained from tables listing 
the various geometric properties of such beams. To determine the 
maximum stress sm in a given section of a standard beam, the engi-
neer needs only to read the value of the elastic section modulus S 
in a table and divide the bending moment M in the section by S.

The deformation of the member caused by the bending mo-
ment M is measured by the curvature of the neutral surface. The 
curvature is defined as the reciprocal of the radius of curvature r, 
and can be obtained by solving Eq. (11.9) for 1yr:

 
1
r

5
Pm

c
 (11.20)

But, in the elastic range, we have Pm 5 sm yE. Substituting for Pm into 
(11.20), and recalling (11.15), we write

1
r

5
sm

Ec
5

1
Ec

 
Mc
I

or

 
1
r

5
M
EI

 (11.21)

Photo 11.3 Wide-flange steel beams form the 
frame of many buildings.

c

c

(a) S-beam (b) W-beam

N. A.

Fig. 11.13
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= = ×

× ×σ = ⇒ σ = ⇒ σ =
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با استخراج مشخصات IPE 18 از جداول پیوست خواهیم داشت:

ب( تنش خمشی حداکثر تیر با توجه به مقدار لنگر ماکزیمم تیر از روی نمودار لنگر خمشی 
به صورت زیر محاسبه می شود.



150

P
R
O
B
L
E
M
S

2
3
8

 

6
.1

th
r
o
u
g
h
 
6
.1
8
 

U
sin
g
 th
e
 m
e
th
o
d
 o
f jo
in
ts, d
e
te
rm
in
e
 th
e
 fo
rc
e
 

in
 e
a
c
h
 m
e
m
b
e
r o
f th
e
 tru
ss sh
o
w
n
. S
ta
te
 w
h
e
th
e
r e
a
c
h
 m
e
m
b
e
r 

is in
 te
n
sio
n
 o
r c
o
m
p
re
ssio
n
.

1
8
0
0
 lb

4
 ft

8
 ft

3
 ft

A

B

C

F
ig
. 
P
6
.1

A

B

C

8
4
 k
N

3
 m

1
.2
5
 m

4
 m

F
ig
. 
P
6
.2

A

B

4
5
0
 lb

C

2
4
 in
.

7
.5
 in
.

1
0
 in
.

F
ig
. 
P
6
.3

D

C
A

B

0
.7
 m

2
.4
 m

2
.4
 m

4
8
 k
N

3
5
 k
N

F
ig
. 
P
6
.4

4
0
 in
.

3
2
 in
.

3
0
 in
.

CB

A

6
0
0
 lb

F
ig
. 
P
6
.5

4
0
0
 m
m

5
0
0
 m
m

3
7
5
 m
m

B

C

A1
2
0
0
 N

F
ig
. 
P
6
.6

A

C

D

B

3
 m

3
 m

1
.2
5
 m

2
 k
N

2
 k
N

F
ig
. 
P
6
.7

A

B

C

D

E

F

2
0
 k
N

1
2
 k
N

5
 k
N

5
 k
N

1
.6
 m

3
 m

3
 m

F
ig
. 
P
6
.8

A

B

C

D

E

F
1
2
 k
ip
s

1
8
 k
ip
s

5
 ft

5
 ft

1
2
 ft

F
ig
. 
P
6
.9

b
e
e
8
0
1
5
6
_
c
h
0
6
_
2
2
6
-
2
7
5
.
i
n
d
d
 
P
a
g
e
 
2
3
8
 
 
1
0
/
1
6
/
0
9
 
 
1
1
:
5
0
:
4
6
 
A
M
 
u
s
e
r
-
s
1
7
3

/
V
o
l
u
m
e
s
/
M
H
D
Q
-
N
e
w
/
M
H
D
Q
1
5
2
/
M
H
D
Q
1
5
2
-
0
6

P
R
O
B
L
E
M
S

2
3
8

 

6
.1

th
r
o
u
g
h
 
6
.1
8
 

U
sin
g
 th
e
 m
e
th
o
d
 o
f jo
in
ts, d
e
te
rm
in
e
 th
e
 fo
rc
e
 

in
 e
a
c
h
 m
e
m
b
e
r o
f th
e
 tru
ss sh
o
w
n
. S
ta
te
 w
h
e
th
e
r e
a
c
h
 m
e
m
b
e
r 

is in
 te
n
sio
n
 o
r c
o
m
p
re
ssio
n
.

1
8
0
0
 lb

4
 ft

8
 ft

3
 ft

A

B

C

F
ig
. 
P
6
.1

A

B

C

8
4
 k
N

3
 m

1
.2
5
 m

4
 m

F
ig
. 
P
6
.2

A

B

4
5
0
 lb

C

2
4
 in
.

7
.5
 in
.

1
0
 in
.

F
ig
. 
P
6
.3

D

C
A

B

0
.7
 m

2
.4
 m

2
.4
 m

4
8
 k
N

3
5
 k
N

F
ig
. 
P
6
.4

4
0
 in
.

3
2
 in
.

3
0
 in
.

CB

A

6
0
0
 lb

F
ig
. 
P
6
.5

4
0
0
 m
m

5
0
0
 m
m

3
7
5
 m
m

B

C

A1
2
0
0
 N

F
ig
. 
P
6
.6

A

C

D

B

3
 m

3
 m

1
.2
5
 m

2
 k
N

2
 k
N

F
ig
. 
P
6
.7

A

B

C

D

E

F

2
0
 k
N

1
2
 k
N

5
 k
N

5
 k
N

1
.6
 m

3
 m

3
 m

F
ig
. 
P
6
.8

A

B

C

D

E

F
1
2
 k
ip
s

1
8
 k
ip
s

5
 ft

5
 ft

1
2
 ft

F
ig
. 
P
6
.9

b
e
e
8
0
1
5
6
_
c
h
0
6
_
2
2
6
-
2
7
5
.
i
n
d
d
 
P
a
g
e
 
2
3
8
 
 
1
0
/
1
6
/
0
9
 
 
1
1
:
5
0
:
4
6
 
A
M
 
u
s
e
r
-
s
1
7
3

/
V
o
l
u
m
e
s
/
M
H
D
Q
-
N
e
w
/
M
H
D
Q
1
5
2
/
M
H
D
Q
1
5
2
-
0
6

9-2             تنش برشی متوسط تیرهای با مقطع I شکل )مطالعه آزاد( 
در فصل پنجم با نمودار های نیروی برشی )V( و لنگر خمشی ) M( تیرها آشنا شدیم. 
بر اساس این نمودارها، هر نقطه از تیر دارای مقدار معینی نیروی برشی و لنگر خمشی می باشد. 
تیرها باید مقادیر حداکثر نیروی برشی )Vmax(و لنگر خمشی )Mmax( ایجادشده را 

تحمل نمایند.
در تیرهای I شکل، جانِ تیر سهم بیشتری در تحمل نیروهای برشی دارد بنابراین برای 

( که در فصل هشتم آمده است، سطح جان  V
A

τ = محاسبة تنش برشی در تیرها، در رابطة )
تیر را قرار می دهیم.

)ave در تیرها از رابطة  )9-3( به دست می آید. )τ لذا تنش برشی متوسط 

ave
w

V
A

τ =

w wA h.t=

max
max

w

V
h.t

τ =

)3-9(

)4-9(

)5-9(

شکل 4-9

که Aw مطابق شکل )9-4( برابر است با:

در این رابطه:
مربوطه  جداول  از  که  می باشد  تیر  جانِ  )tw( ضخامت  و  تیرآهن  مقطع  ارتفاع   )h(

استخراج می گردد.
( در تیر باید به جای V در رابطة )9-3( از  maxτ برای محاسبة تنش برشی حداکثر )

Vmax استفاده شود. 

453In the case of structural steel, American standard beams (S-
beams) and wide-flange beams (W-beams), Photo 11.3, are preferred 

to other shapes because a large portion of their cross section is 
located far from the neutral axis (Fig. 11.13). Thus, for a given cross-
sectional area and a given depth, their design provides large values 
of I and, consequently, of S. Values of the elastic section modulus of 
commonly manufactured beams can be obtained from tables listing 
the various geometric properties of such beams. To determine the 
maximum stress sm in a given section of a standard beam, the engi-
neer needs only to read the value of the elastic section modulus S 
in a table and divide the bending moment M in the section by S.

The deformation of the member caused by the bending mo-
ment M is measured by the curvature of the neutral surface. The 
curvature is defined as the reciprocal of the radius of curvature r, 
and can be obtained by solving Eq. (11.9) for 1yr:

 
1
r

5
Pm

c
 (11.20)

But, in the elastic range, we have Pm 5 sm yE. Substituting for Pm into 
(11.20), and recalling (11.15), we write

1
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5
sm

Ec
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1
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Mc
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or
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5
M
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 (11.21)

Photo 11.3 Wide-flange steel beams form the 
frame of many buildings.
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V
A

τ =

w w w
w

a a

h cm mm
IPE A h.t A mm

t s mm

/ / MPa

2

3

16 160
16 160 5 800

5
1 43 10 1 79

800

 = = ⇒ = ⇒ = × =
= =

×τ = ⇒ τ =

با استخراج سطح مقطع جان تیرآهن IPE 16 از جداول پیوست، داریم:

a-a تنش برشی در مقطع

ب( تنش برشی حداکثر تیر:
maxبا توجه به نمودار نیروی برشی داریم:

max
max max

w

max

V / kN N
V
h.t

/ MPa

18 57 18570
18570

800

23 21

= =

τ = ⇒ τ =

⇒ τ = تنش برشی حداکثر تیر

حل:
الف( با توجه به نمودار نیروی برشی، در مقطع a-a به فاصلة 1/5 متر از تکیه گاه سمت 

aV بنابراین خواهیم داشت: / kN1 43= راست، مقدار نیروی برشی برابر است با 

از  که  مقابل  شکل  تیر  در 
یک تیرآهن IPE 16 تشکیل 
شده است، با توجه به نمودار 
نیروی برشی تیر مطلوب است 

محاسبة:
الف( تنش برشی تیر در مقطع 
از  متر   1/5 فاصلة  به   a-a

تکیه گاه سمت راست؛
ب( تنش برشی حداکثر تیر.

مثال 2 )مطالعه آزاد(

construct shear and moment diagrams for any beam with simple loading, once you
have determined the loads and reactions acting on the beam.2 There are also several
MDSolids examples that employ the graphical method.

328
Equilibrium of Beams
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Use Eqs. 5.2 through 5.7 to sketch shear and moment diagrams for the
simply-supported beam shown in Fig. 1.

Plan the Solution We can use a free-body diagram of the beam AC to
determine the reactions at A and C. Since there is no distributed load on
the beam, p(x) � 0 everywhere. Because of the concentrated load at B.
we need to consider two spans, 0 � x � a and a � x � L.

Solution

Equilibrium—Reactions: To determine the reactions Ay and Cy, we first
draw the free-body diagram of the entire beam AC (Fig. 2).

Fig. 2 A free-body diagram.

Shear Diagram: Equations 5.2, 5.4, and 5.6 involve the shear. Using
these equations, we can sketch V(x) progressively from x � 0 to x � L.
It is convenient to sketch the shear and moment diagrams directly below
the load diagram (Fig. 3a). Each step involved in sketching V(x) is 
numbered in Fig. 3b.

1. The shear at x � 0� is zero.
2. The shear at x � 0� is determined from Eq. 5.4, that is, �VA �

Ay � . Note that, because of the sign convention for shear,

an upward concentrated force causes an upward jump in the shear 
diagram.

3. For 0 � x � a, p(x) � 0. Therefore, from Eq. 5.2, dV/dx � 0.

P(L � a)
L

Ay �
P(L � a)

L
AyL � P(L � a) � 0,aaMb

C
� 0:

Cy � P a a
L
bPa � CyL � 0,aaMb

A
� 0:

Fig. 3 Shear and moment diagrams.

2The graphical method is most useful when the “areas” in Eqs. 5.6 and 5.7 are simple rectangles or
triangles, that is, when the loads on the beam are either concentrated loads or uniform distributed loads.
The graphical method is also useful in interpreting the results of an equilibrium-method solution.
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construct shear and moment diagrams for any beam with simple loading, once you
have determined the loads and reactions acting on the beam.2 There are also several
MDSolids examples that employ the graphical method.
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the load diagram (Fig. 3a). Each step involved in sketching V(x) is 
numbered in Fig. 3b.

1. The shear at x � 0� is zero.
2. The shear at x � 0� is determined from Eq. 5.4, that is, �VA �

Ay � . Note that, because of the sign convention for shear,

an upward concentrated force causes an upward jump in the shear 
diagram.

3. For 0 � x � a, p(x) � 0. Therefore, from Eq. 5.2, dV/dx � 0.
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Fig. 3 Shear and moment diagrams.

2The graphical method is most useful when the “areas” in Eqs. 5.6 and 5.7 are simple rectangles or
triangles, that is, when the loads on the beam are either concentrated loads or uniform distributed loads.
The graphical method is also useful in interpreting the results of an equilibrium-method solution.
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construct shear and moment diagrams for any beam with simple loading, once you
have determined the loads and reactions acting on the beam.2 There are also several
MDSolids examples that employ the graphical method.
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Use Eqs. 5.2 through 5.7 to sketch shear and moment diagrams for the
simply-supported beam shown in Fig. 1.

Plan the Solution We can use a free-body diagram of the beam AC to
determine the reactions at A and C. Since there is no distributed load on
the beam, p(x) � 0 everywhere. Because of the concentrated load at B.
we need to consider two spans, 0 � x � a and a � x � L.

Solution

Equilibrium—Reactions: To determine the reactions Ay and Cy, we first
draw the free-body diagram of the entire beam AC (Fig. 2).

Fig. 2 A free-body diagram.

Shear Diagram: Equations 5.2, 5.4, and 5.6 involve the shear. Using
these equations, we can sketch V(x) progressively from x � 0 to x � L.
It is convenient to sketch the shear and moment diagrams directly below
the load diagram (Fig. 3a). Each step involved in sketching V(x) is 
numbered in Fig. 3b.

1. The shear at x � 0� is zero.
2. The shear at x � 0� is determined from Eq. 5.4, that is, �VA �

Ay � . Note that, because of the sign convention for shear,

an upward concentrated force causes an upward jump in the shear 
diagram.

3. For 0 � x � a, p(x) � 0. Therefore, from Eq. 5.2, dV/dx � 0.
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Fig. 3 Shear and moment diagrams.

2The graphical method is most useful when the “areas” in Eqs. 5.6 and 5.7 are simple rectangles or
triangles, that is, when the loads on the beam are either concentrated loads or uniform distributed loads.
The graphical method is also useful in interpreting the results of an equilibrium-method solution.
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1- مقدار تنش مجاز به عوامل مختلفی بستگی دارد که به منظور سادگی و پرهیز از طولانی شدن بحث به طور 
خلاصه آن را معادل MPa 144 در نظر می گیریم.

9-3             تعیین شمارة مقطع تیر فولادی با استفاده از 
                  تنش خمشی ماکزیمم تحت بار متمرکز

به طور کلی طراحی تیر یعنی تعیین مشخصات مقطع مورد نیاز با توجه به بارهای وارده 
و کنترل های لازم مانند کنترل تنش برشی حداکثر، کنترل تغییر شکل و . . . که با استفاده از 

آئین نامه های مربوطه انجام می گیرد. 
در این قسمت با روش تعیین شماره مقطع مورد نیاز تیر فولادی با استفاده از رابطة 

)9-2( آشنا می شوید و کنترل های لازم را در مقاطع بالاتر فرا خواهید گرفت.
تنش خمشی حداکثر تیر که عموماً تعیین کننده شماره مقطع مورد نیاز آن می باشد از 

رابطة )9-2( به دست می آید.
به طور کلی تنش ایجاد شده در هر مصالحی نباید از مقدار معینی تجاوز نماید که این مقدار 

تنش معین را تنش مجاز مصالح مورد نظر می نامند.
allσ نشان داده   مقدار تنش مجاز توسط آئین نامه های مربوطه مشخص  شده و با نماد 
می شود. در این کتاب مقدار تنش مجاز مصالح فولادی در خمش معادل MPa 144 در نظر 

گرفته شده است.1
بنابراین تنش خمشی حداکثر در تیرهای فولادی نباید از MPa 144 تجاوز نماید در 

نتیجه رابطة )9-2( به صورت زیر در خواهد آمد.
max

max
x

M .C MPa
I

144σ = ≤

)4-9(

x
x

max max
max max

x x

max
x

IS
C

M M
I S
C
MS

144 144

144

=

σ = ≤ ⇒ σ = ≤

⇒ ≥

xI ، مدول مقطع یا اساس مقطع تیر یعنی )Sx( می باشد.
C

نسبت 
بنابراین در رابطة )9-3( خواهیم داشت:
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تعیین  برای  بنابراین  از رابطة )9-4( اساس مقطع لازم گویند.«  Sx حاصل  »به مقدار 
شمارة مقطع تیر با استفاده از رابطة )9-4( اساس مقطع لازم تیر،  محاسبه شده و از جداول 
نیاز را که دارای اساس مقطعی معادل یا  پروفیل های ساختمانی می توان شمارة مقطع مورد 

بزرگ تر از مقدار محاسبه شده از رابطة فوق می باشد، استخراج می شود.

مثال 3
 144  MPa معادل  که  تیر  مجاز خمشی  تنش  به  توجه  با  آیا   )1( مثال  در  نمائید  کنترل 
لزوم مقطع  یا خیر و در صورت  بار وارده می باشد  IPE جوابگوی   18 تیرآهن  می باشد 

مورد نیاز را تعیین نمائید.
حل: 

max محاسبه شده که بزرگ تر  / MPa426 14σ = تنش خمشی ماکزیمم در مثال )1( برابر 

all می باشد بنابراین IPE 18 جوابگوی بار  MPa144σ = از تنش مجاز خمشی یعنی 
وارده نمی باشد.

)9-4( خواهیم  رابطة  به  توجه  با  نمائیم.  محاسبه  را  نیاز  مورد  مقطع  اساس  باید  بنابراین 
maxداشت:

x

x

x

x

MS

/S mm cm

S / cm IPE IPE

S cm /

6
3 3 3

3

3

144
62 5 10 434027 434027 10

144
434 03 30

557 434 03

−

≥

×⇒ = = = ×

⇒ = ⇒ ⇒

= >

از جدول

لازم

لازم

لازم

موجود

x

x

/S / cm

IPE IPE S cm / cm

3

3 3

434 03 217 02
2

2 22 252 2 504 434 03

≥ =

⇒ ⇒ = × = >

لازم

از جدول با
موجود

آن  مقطع  باید  نکند  تجاوز  مجاز  حد  از  تیر  ماکزیمم  خمشی  تنش  این که  برای  بنابراین 
حداقل IPE 30 باشد. چنان چه بخواهیم از تیرآهن دوبل به عنوان تیر فوق استفاده نمائیم، 
کافی است اساس مقطع لازم را نصف نموده و بر اساس آن شمارة مقطع مورد نیاز را از 

جدول استخراج و به صورت دوبل مورد استفاده قرار دهیم. خواهیم داشت:
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خلاصة فصل
• در اثر خمش در تیر، تنش های کششی و فشاری ایجاد می شود.

• مقادیر تنش خمشی حداکثر در هر مقطع از تیر در تارهای فوقانی و تحتانی از رابطة زیر 
محاسبه می شود.

MC
I

σ =

max
max

M C
I

σ =

max
x

MS
144

≥

• تنش خمشی حداکثر تیر از رابطة زیر به دست می آید.

• تنش مجاز خمشی تیرهای فولادی برابر MPa 144 در نظر گرفته می شود.

• برای تعیین اساس مقطع تیرآهن لازم از رابطة زیر استفاده می شود.

all MPa144σ =
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خودآزمایی

1- در تیرهای داده شده مطلوب است:
a-a الف( محاسبة تنش خمشی در مقطع

ب( محاسبة تنش خمشی ماکزیمم تیر

Prob. 5.2-4. The shaft in Fig. P5.2-4 is supported by bearings
at B and D that can only exert forces normal to the shaft.
Belts that pass over pulleys at A and E exert parallel forces
of 150 N and 300 N, respectively, as shown. Determine the
transverse shear force VC and the bending moment MC at
section C, midway between the two supports.

Prob. 5.2-1. For the simply supported beam AE in Fig.
P5.2-1, (a) determine and , the internal resultants
just to the left of the 20-kN load at C, and (b) determine 
and , the internal resultants just to the left of the 20-kN
load at D.

MD�

VD�

MC�VC�

SHEAR AND MOMENT IN BEAMS: EQUILIBRIUM
METHOD (METHOD OF SECTIONS)

5.7 PROBLEMS

In Problems 5.2-1 through 5.2.11 you are to determine the
internal resultants (transverse shear force V and bending
moment M) at specific cross sections of beams. Use the
sign conventions for V and M given in Fig. 5.6, p. 314,
and always draw complete and correct free-body dia-
grams. The minus-sign superscript signifies “just to the
left of” the referenced point; the plus-sign superscript
means “just to the right of” the referenced point.

▼

BA C D E

10 kN 20 kN 20 kN

1 m 2 m1 m 1 m

P5.2-1, P5.4-5, P5.5-5, and P5.6-1

Prob. 5.2-2. For the beam AD in Fig. P5.2-2, (a) determine
the transverse shear force and the bending moment 

at a section just to the left of the support at B, and (b)
determine VE and ME at section E.
MB�

VB�

Prob. 5.2-3. Transverse loads are applied to the beam in
Fig. P5.2-3 at A, C, and E, and a concentrated couple 3Pa is
applied to the beam at E. Determine expressions for (a) the
transverse shear force and bending moment at a
section just to the left of the load at C, and (b) shear 
and moment just to the left of the support at D.
Express your answers in terms of P and a.

MD�

VD�

MC�VC�
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2 ft 2 ft 2 ft 2 ft

P5.2-2, P5.4-3, P5.5-3, and P5.6-2
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3a 3a2a
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x

P5.2-3, P5.4-2, P5.5-2, and P5.6-3

BA DC E

100 mm100 mm100 mm 150 mm
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Prob. 5.2-5. Two transverse forces and a couple are applied
as external loads to the cantilever beam AC in Fig. P5.2-5.
Determine the transverse shear force VC and the bending
moment MC at the fixed end C.

P5.2-4, P5.4-4, and P5.5-4

A B C12 kip . ft

6 kips

4 kips 4 ft 4 ft

P5.2-5, P5.4-8, P5.5-8, and P5.6-4

Prob. 5.2-6. For the cantilever beam AD in Fig. P5.2-6, de-
termine the reactions at D; that is determine VD and MD.
Express your answers in terms of P and a.

a

2P

A B C D

aa

2P P

P5.2-6, P5.4-7, and P5.5-7
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Prob. 5.2-4. The shaft in Fig. P5.2-4 is supported by bearings
at B and D that can only exert forces normal to the shaft.
Belts that pass over pulleys at A and E exert parallel forces
of 150 N and 300 N, respectively, as shown. Determine the
transverse shear force VC and the bending moment MC at
section C, midway between the two supports.

Prob. 5.2-1. For the simply supported beam AE in Fig.
P5.2-1, (a) determine and , the internal resultants
just to the left of the 20-kN load at C, and (b) determine 
and , the internal resultants just to the left of the 20-kN
load at D.

MD�

VD�

MC�VC�

SHEAR AND MOMENT IN BEAMS: EQUILIBRIUM
METHOD (METHOD OF SECTIONS)

5.7 PROBLEMS

In Problems 5.2-1 through 5.2.11 you are to determine the
internal resultants (transverse shear force V and bending
moment M) at specific cross sections of beams. Use the
sign conventions for V and M given in Fig. 5.6, p. 314,
and always draw complete and correct free-body dia-
grams. The minus-sign superscript signifies “just to the
left of” the referenced point; the plus-sign superscript
means “just to the right of” the referenced point.
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P5.2-1, P5.4-5, P5.5-5, and P5.6-1

Prob. 5.2-2. For the beam AD in Fig. P5.2-2, (a) determine
the transverse shear force and the bending moment 

at a section just to the left of the support at B, and (b)
determine VE and ME at section E.
MB�

VB�

Prob. 5.2-3. Transverse loads are applied to the beam in
Fig. P5.2-3 at A, C, and E, and a concentrated couple 3Pa is
applied to the beam at E. Determine expressions for (a) the
transverse shear force and bending moment at a
section just to the left of the load at C, and (b) shear 
and moment just to the left of the support at D.
Express your answers in terms of P and a.

MD�

VD�

MC�VC�

2 kips1 kip

B

A D

CE

2 ft 2 ft 2 ft 2 ft

P5.2-2, P5.4-3, P5.5-3, and P5.6-2

B D

EA

C

3a 3a2a

P 2P 2P

3 Pa

2a

x

P5.2-3, P5.4-2, P5.5-2, and P5.6-3

BA DC E

100 mm100 mm100 mm 150 mm

150 N

300 N

Prob. 5.2-5. Two transverse forces and a couple are applied
as external loads to the cantilever beam AC in Fig. P5.2-5.
Determine the transverse shear force VC and the bending
moment MC at the fixed end C.

P5.2-4, P5.4-4, and P5.5-4

A B C12 kip . ft

6 kips

4 kips 4 ft 4 ft

P5.2-5, P5.4-8, P5.5-8, and P5.6-4

Prob. 5.2-6. For the cantilever beam AD in Fig. P5.2-6, de-
termine the reactions at D; that is determine VD and MD.
Express your answers in terms of P and a.
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Prob. 5.2-4. The shaft in Fig. P5.2-4 is supported by bearings
at B and D that can only exert forces normal to the shaft.
Belts that pass over pulleys at A and E exert parallel forces
of 150 N and 300 N, respectively, as shown. Determine the
transverse shear force VC and the bending moment MC at
section C, midway between the two supports.

Prob. 5.2-1. For the simply supported beam AE in Fig.
P5.2-1, (a) determine and , the internal resultants
just to the left of the 20-kN load at C, and (b) determine 
and , the internal resultants just to the left of the 20-kN
load at D.

MD�

VD�

MC�VC�

SHEAR AND MOMENT IN BEAMS: EQUILIBRIUM
METHOD (METHOD OF SECTIONS)

5.7 PROBLEMS

In Problems 5.2-1 through 5.2.11 you are to determine the
internal resultants (transverse shear force V and bending
moment M) at specific cross sections of beams. Use the
sign conventions for V and M given in Fig. 5.6, p. 314,
and always draw complete and correct free-body dia-
grams. The minus-sign superscript signifies “just to the
left of” the referenced point; the plus-sign superscript
means “just to the right of” the referenced point.

▼

BA C D E

10 kN 20 kN 20 kN

1 m 2 m1 m 1 m

P5.2-1, P5.4-5, P5.5-5, and P5.6-1

Prob. 5.2-2. For the beam AD in Fig. P5.2-2, (a) determine
the transverse shear force and the bending moment 

at a section just to the left of the support at B, and (b)
determine VE and ME at section E.
MB�

VB�

Prob. 5.2-3. Transverse loads are applied to the beam in
Fig. P5.2-3 at A, C, and E, and a concentrated couple 3Pa is
applied to the beam at E. Determine expressions for (a) the
transverse shear force and bending moment at a
section just to the left of the load at C, and (b) shear 
and moment just to the left of the support at D.
Express your answers in terms of P and a.

MD�

VD�

MC�VC�

2 kips1 kip
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2 ft 2 ft 2 ft 2 ft
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B D
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3a 3a2a

P 2P 2P

3 Pa
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x
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BA DC E

100 mm100 mm100 mm 150 mm

150 N

300 N

Prob. 5.2-5. Two transverse forces and a couple are applied
as external loads to the cantilever beam AC in Fig. P5.2-5.
Determine the transverse shear force VC and the bending
moment MC at the fixed end C.

P5.2-4, P5.4-4, and P5.5-4

A B C12 kip . ft

6 kips

4 kips 4 ft 4 ft

P5.2-5, P5.4-8, P5.5-8, and P5.6-4

Prob. 5.2-6. For the cantilever beam AD in Fig. P5.2-6, de-
termine the reactions at D; that is determine VD and MD.
Express your answers in terms of P and a.

a

2P

A B C D

aa

2P P

P5.2-6, P5.4-7, and P5.5-7
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Prob. 5.2-4. The shaft in Fig. P5.2-4 is supported by bearings
at B and D that can only exert forces normal to the shaft.
Belts that pass over pulleys at A and E exert parallel forces
of 150 N and 300 N, respectively, as shown. Determine the
transverse shear force VC and the bending moment MC at
section C, midway between the two supports.

Prob. 5.2-1. For the simply supported beam AE in Fig.
P5.2-1, (a) determine and , the internal resultants
just to the left of the 20-kN load at C, and (b) determine 
and , the internal resultants just to the left of the 20-kN
load at D.

MD
�

VD
�

MC
�VC

�

SHEAR AND MOMENT IN BEAMS: EQUILIBRIUM
METHOD (METHOD OF SECTIONS)

5.7 PROBLEMS

In Problems 5.2-1 through 5.2.11 you are to determine the
internal resultants (transverse shear force V and bending
moment M) at specific cross sections of beams. Use the
sign conventions for V and M given in Fig. 5.6, p. 314,
and always draw complete and correct free-body dia-
grams. The minus-sign superscript signifies “just to the
left of” the referenced point; the plus-sign superscript
means “just to the right of” the referenced point.

▼

BA C D E

10 kN 20 kN 20 kN

1 m 2 m1 m 1 m

P5.2-1, P5.4-5, P5.5-5, and P5.6-1

Prob. 5.2-2. For the beam AD in Fig. P5.2-2, (a) determine
the transverse shear force and the bending moment 

at a section just to the left of the support at B, and (b)
determine VE and ME at section E.
MB

�

VB
�

Prob. 5.2-3. Transverse loads are applied to the beam in
Fig. P5.2-3 at A, C, and E, and a concentrated couple 3Pa is
applied to the beam at E. Determine expressions for (a) the
transverse shear force and bending moment at a
section just to the left of the load at C, and (b) shear 
and moment just to the left of the support at D.
Express your answers in terms of P and a.

MD
�

VD
�

MC
�VC

�

2 kips1 kip

B

A D

CE

2 ft 2 ft 2 ft 2 ft

P5.2-2, P5.4-3, P5.5-3, and P5.6-2

B D
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C

3a 3a2a

P 2P 2P

3 Pa

2a

x

P5.2-3, P5.4-2, P5.5-2, and P5.6-3

BA DC E

100 mm100 mm100 mm 150 mm

150 N

300 N

Prob. 5.2-5. Two transverse forces and a couple are applied
as external loads to the cantilever beam AC in Fig. P5.2-5.
Determine the transverse shear force VC and the bending
moment MC at the fixed end C.

P5.2-4, P5.4-4, and P5.5-4

A B C12 kip . ft

6 kips

4 kips 4 ft 4 ft

P5.2-5, P5.4-8, P5.5-8, and P5.6-4

Prob. 5.2-6. For the cantilever beam AD in Fig. P5.2-6, de-
termine the reactions at D; that is determine VD and MD.
Express your answers in terms of P and a.

a

2P

A B C D

aa

2P P

P5.2-6, P5.4-7, and P5.5-7
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PROBLEMS

510

 12.1 through 12.4 For the beam and loading shown, (a) draw the 
shear and bending-moment diagrams, (b) determine the equations 
of the shear and bending-moment curves.

12.5 and 12.6 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.

12.7 and 12.8 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.
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PROBLEMS

510

 12.1 through 12.4 For the beam and loading shown, (a) draw the 
shear and bending-moment diagrams, (b) determine the equations 
of the shear and bending-moment curves.

12.5 and 12.6 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.

12.7 and 12.8 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.
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Fig. P12.3

D

w

A
B

a a

C

L

Fig. P12.4

48 kN 60 kN 60 kN

0.6 m 0.9 m

A
C D E

B

1.5 m 1.5 m
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BA
C

3 kips/ft 30 kips

3 ft6 ft

Fig. P12.7

B
A

C D

4 ft 4 ft 4 ft

2 kips/ft 15 kips

Fig. P12.8
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Prob. 5.2-4. The shaft in Fig. P5.2-4 is supported by bearings
at B and D that can only exert forces normal to the shaft.
Belts that pass over pulleys at A and E exert parallel forces
of 150 N and 300 N, respectively, as shown. Determine the
transverse shear force VC and the bending moment MC at
section C, midway between the two supports.

Prob. 5.2-1. For the simply supported beam AE in Fig.
P5.2-1, (a) determine and , the internal resultants
just to the left of the 20-kN load at C, and (b) determine 
and , the internal resultants just to the left of the 20-kN
load at D.

MD�

VD�

MC�VC�

SHEAR AND MOMENT IN BEAMS: EQUILIBRIUM
METHOD (METHOD OF SECTIONS)

5.7 PROBLEMS

In Problems 5.2-1 through 5.2.11 you are to determine the
internal resultants (transverse shear force V and bending
moment M) at specific cross sections of beams. Use the
sign conventions for V and M given in Fig. 5.6, p. 314,
and always draw complete and correct free-body dia-
grams. The minus-sign superscript signifies “just to the
left of” the referenced point; the plus-sign superscript
means “just to the right of” the referenced point.

▼

BA C D E

10 kN 20 kN 20 kN

1 m 2 m1 m 1 m

P5.2-1, P5.4-5, P5.5-5, and P5.6-1

Prob. 5.2-2. For the beam AD in Fig. P5.2-2, (a) determine
the transverse shear force and the bending moment 

at a section just to the left of the support at B, and (b)
determine VE and ME at section E.
MB�

VB�

Prob. 5.2-3. Transverse loads are applied to the beam in
Fig. P5.2-3 at A, C, and E, and a concentrated couple 3Pa is
applied to the beam at E. Determine expressions for (a) the
transverse shear force and bending moment at a
section just to the left of the load at C, and (b) shear 
and moment just to the left of the support at D.
Express your answers in terms of P and a.

MD�

VD�

MC�VC�

2 kips1 kip

B

A D

CE

2 ft 2 ft 2 ft 2 ft

P5.2-2, P5.4-3, P5.5-3, and P5.6-2

B D
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C

3a 3a2a

P 2P 2P

3 Pa

2a

x

P5.2-3, P5.4-2, P5.5-2, and P5.6-3

BA DC E

100 mm100 mm100 mm 150 mm

150 N

300 N

Prob. 5.2-5. Two transverse forces and a couple are applied
as external loads to the cantilever beam AC in Fig. P5.2-5.
Determine the transverse shear force VC and the bending
moment MC at the fixed end C.

P5.2-4, P5.4-4, and P5.5-4

A B C12 kip . ft

6 kips

4 kips 4 ft 4 ft

P5.2-5, P5.4-8, P5.5-8, and P5.6-4

Prob. 5.2-6. For the cantilever beam AD in Fig. P5.2-6, de-
termine the reactions at D; that is determine VD and MD.
Express your answers in terms of P and a.

a

2P

A B C D

aa

2P P

P5.2-6, P5.4-7, and P5.5-7
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Prob. 5.2-4. The shaft in Fig. P5.2-4 is supported by bearings
at B and D that can only exert forces normal to the shaft.
Belts that pass over pulleys at A and E exert parallel forces
of 150 N and 300 N, respectively, as shown. Determine the
transverse shear force VC and the bending moment MC at
section C, midway between the two supports.

Prob. 5.2-1. For the simply supported beam AE in Fig.
P5.2-1, (a) determine and , the internal resultants
just to the left of the 20-kN load at C, and (b) determine 
and , the internal resultants just to the left of the 20-kN
load at D.

MD�

VD�

MC�VC�

SHEAR AND MOMENT IN BEAMS: EQUILIBRIUM
METHOD (METHOD OF SECTIONS)

5.7 PROBLEMS

In Problems 5.2-1 through 5.2.11 you are to determine the
internal resultants (transverse shear force V and bending
moment M) at specific cross sections of beams. Use the
sign conventions for V and M given in Fig. 5.6, p. 314,
and always draw complete and correct free-body dia-
grams. The minus-sign superscript signifies “just to the
left of” the referenced point; the plus-sign superscript
means “just to the right of” the referenced point.

▼

BA C D E

10 kN 20 kN 20 kN

1 m 2 m1 m 1 m

P5.2-1, P5.4-5, P5.5-5, and P5.6-1

Prob. 5.2-2. For the beam AD in Fig. P5.2-2, (a) determine
the transverse shear force and the bending moment 

at a section just to the left of the support at B, and (b)
determine VE and ME at section E.
MB�

VB�

Prob. 5.2-3. Transverse loads are applied to the beam in
Fig. P5.2-3 at A, C, and E, and a concentrated couple 3Pa is
applied to the beam at E. Determine expressions for (a) the
transverse shear force and bending moment at a
section just to the left of the load at C, and (b) shear 
and moment just to the left of the support at D.
Express your answers in terms of P and a.

MD�

VD�

MC�VC�

2 kips1 kip

B

A D

CE

2 ft 2 ft 2 ft 2 ft

P5.2-2, P5.4-3, P5.5-3, and P5.6-2

B D
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C

3a 3a2a

P 2P 2P

3 Pa

2a

x

P5.2-3, P5.4-2, P5.5-2, and P5.6-3

BA DC E

100 mm100 mm100 mm 150 mm

150 N

300 N

Prob. 5.2-5. Two transverse forces and a couple are applied
as external loads to the cantilever beam AC in Fig. P5.2-5.
Determine the transverse shear force VC and the bending
moment MC at the fixed end C.

P5.2-4, P5.4-4, and P5.5-4

A B C12 kip . ft

6 kips

4 kips 4 ft 4 ft

P5.2-5, P5.4-8, P5.5-8, and P5.6-4

Prob. 5.2-6. For the cantilever beam AD in Fig. P5.2-6, de-
termine the reactions at D; that is determine VD and MD.
Express your answers in terms of P and a.

a

2P

A B C D

aa

2P P

P5.2-6, P5.4-7, and P5.5-7
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PROBLEMS

510

 12.1 through 12.4 For the beam and loading shown, (a) draw the 
shear and bending-moment diagrams, (b) determine the equations 
of the shear and bending-moment curves.

12.5 and 12.6 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.

12.7 and 12.8 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.
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Prob. 5.2-4. The shaft in Fig. P5.2-4 is supported by bearings
at B and D that can only exert forces normal to the shaft.
Belts that pass over pulleys at A and E exert parallel forces
of 150 N and 300 N, respectively, as shown. Determine the
transverse shear force VC and the bending moment MC at
section C, midway between the two supports.

Prob. 5.2-1. For the simply supported beam AE in Fig.
P5.2-1, (a) determine and , the internal resultants
just to the left of the 20-kN load at C, and (b) determine 
and , the internal resultants just to the left of the 20-kN
load at D.

MD�

VD�

MC�VC�

SHEAR AND MOMENT IN BEAMS: EQUILIBRIUM
METHOD (METHOD OF SECTIONS)

5.7 PROBLEMS

In Problems 5.2-1 through 5.2.11 you are to determine the
internal resultants (transverse shear force V and bending
moment M) at specific cross sections of beams. Use the
sign conventions for V and M given in Fig. 5.6, p. 314,
and always draw complete and correct free-body dia-
grams. The minus-sign superscript signifies “just to the
left of” the referenced point; the plus-sign superscript
means “just to the right of” the referenced point.

▼

BA C D E

10 kN 20 kN 20 kN

1 m 2 m1 m 1 m

P5.2-1, P5.4-5, P5.5-5, and P5.6-1

Prob. 5.2-2. For the beam AD in Fig. P5.2-2, (a) determine
the transverse shear force and the bending moment 

at a section just to the left of the support at B, and (b)
determine VE and ME at section E.
MB�

VB�

Prob. 5.2-3. Transverse loads are applied to the beam in
Fig. P5.2-3 at A, C, and E, and a concentrated couple 3Pa is
applied to the beam at E. Determine expressions for (a) the
transverse shear force and bending moment at a
section just to the left of the load at C, and (b) shear 
and moment just to the left of the support at D.
Express your answers in terms of P and a.

MD�

VD�

MC�VC�

2 kips1 kip

B

A D

CE

2 ft 2 ft 2 ft 2 ft

P5.2-2, P5.4-3, P5.5-3, and P5.6-2

B D
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C

3a 3a2a

P 2P 2P

3 Pa
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x

P5.2-3, P5.4-2, P5.5-2, and P5.6-3

BA DC E

100 mm100 mm100 mm 150 mm

150 N

300 N

Prob. 5.2-5. Two transverse forces and a couple are applied
as external loads to the cantilever beam AC in Fig. P5.2-5.
Determine the transverse shear force VC and the bending
moment MC at the fixed end C.

P5.2-4, P5.4-4, and P5.5-4

A B C12 kip . ft

6 kips

4 kips 4 ft 4 ft

P5.2-5, P5.4-8, P5.5-8, and P5.6-4

Prob. 5.2-6. For the cantilever beam AD in Fig. P5.2-6, de-
termine the reactions at D; that is determine VD and MD.
Express your answers in terms of P and a.

a

2P

A B C D

aa

2P P

P5.2-6, P5.4-7, and P5.5-7
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Prob. 5.2-4. The shaft in Fig. P5.2-4 is supported by bearings
at B and D that can only exert forces normal to the shaft.
Belts that pass over pulleys at A and E exert parallel forces
of 150 N and 300 N, respectively, as shown. Determine the
transverse shear force VC and the bending moment MC at
section C, midway between the two supports.

Prob. 5.2-1. For the simply supported beam AE in Fig.
P5.2-1, (a) determine and , the internal resultants
just to the left of the 20-kN load at C, and (b) determine 
and , the internal resultants just to the left of the 20-kN
load at D.

MD�

VD�

MC�VC�

SHEAR AND MOMENT IN BEAMS: EQUILIBRIUM
METHOD (METHOD OF SECTIONS)

5.7 PROBLEMS

In Problems 5.2-1 through 5.2.11 you are to determine the
internal resultants (transverse shear force V and bending
moment M) at specific cross sections of beams. Use the
sign conventions for V and M given in Fig. 5.6, p. 314,
and always draw complete and correct free-body dia-
grams. The minus-sign superscript signifies “just to the
left of” the referenced point; the plus-sign superscript
means “just to the right of” the referenced point.

▼

BA C D E

10 kN 20 kN 20 kN

1 m 2 m1 m 1 m

P5.2-1, P5.4-5, P5.5-5, and P5.6-1

Prob. 5.2-2. For the beam AD in Fig. P5.2-2, (a) determine
the transverse shear force and the bending moment 

at a section just to the left of the support at B, and (b)
determine VE and ME at section E.
MB�

VB�

Prob. 5.2-3. Transverse loads are applied to the beam in
Fig. P5.2-3 at A, C, and E, and a concentrated couple 3Pa is
applied to the beam at E. Determine expressions for (a) the
transverse shear force and bending moment at a
section just to the left of the load at C, and (b) shear 
and moment just to the left of the support at D.
Express your answers in terms of P and a.

MD�

VD�

MC�VC�
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CE

2 ft 2 ft 2 ft 2 ft
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3a 3a2a

P 2P 2P
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x

P5.2-3, P5.4-2, P5.5-2, and P5.6-3

BA DC E

100 mm100 mm100 mm 150 mm

150 N

300 N

Prob. 5.2-5. Two transverse forces and a couple are applied
as external loads to the cantilever beam AC in Fig. P5.2-5.
Determine the transverse shear force VC and the bending
moment MC at the fixed end C.

P5.2-4, P5.4-4, and P5.5-4

A B C12 kip . ft

6 kips

4 kips 4 ft 4 ft

P5.2-5, P5.4-8, P5.5-8, and P5.6-4

Prob. 5.2-6. For the cantilever beam AD in Fig. P5.2-6, de-
termine the reactions at D; that is determine VD and MD.
Express your answers in terms of P and a.

a

2P

A B C D

aa

2P P

P5.2-6, P5.4-7, and P5.5-7
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PROBLEMS

510

 12.1 through 12.4 For the beam and loading shown, (a) draw the 
shear and bending-moment diagrams, (b) determine the equations 
of the shear and bending-moment curves.

12.5 and 12.6 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.

12.7 and 12.8 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.
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Prob. 5.2-4. The shaft in Fig. P5.2-4 is supported by bearings
at B and D that can only exert forces normal to the shaft.
Belts that pass over pulleys at A and E exert parallel forces
of 150 N and 300 N, respectively, as shown. Determine the
transverse shear force VC and the bending moment MC at
section C, midway between the two supports.

Prob. 5.2-1. For the simply supported beam AE in Fig.
P5.2-1, (a) determine and , the internal resultants
just to the left of the 20-kN load at C, and (b) determine 
and , the internal resultants just to the left of the 20-kN
load at D.

MD�

VD�

MC�VC�

SHEAR AND MOMENT IN BEAMS: EQUILIBRIUM
METHOD (METHOD OF SECTIONS)

5.7 PROBLEMS

In Problems 5.2-1 through 5.2.11 you are to determine the
internal resultants (transverse shear force V and bending
moment M) at specific cross sections of beams. Use the
sign conventions for V and M given in Fig. 5.6, p. 314,
and always draw complete and correct free-body dia-
grams. The minus-sign superscript signifies “just to the
left of” the referenced point; the plus-sign superscript
means “just to the right of” the referenced point.

▼

BA C D E

10 kN 20 kN 20 kN

1 m 2 m1 m 1 m

P5.2-1, P5.4-5, P5.5-5, and P5.6-1

Prob. 5.2-2. For the beam AD in Fig. P5.2-2, (a) determine
the transverse shear force and the bending moment 

at a section just to the left of the support at B, and (b)
determine VE and ME at section E.
MB�

VB�

Prob. 5.2-3. Transverse loads are applied to the beam in
Fig. P5.2-3 at A, C, and E, and a concentrated couple 3Pa is
applied to the beam at E. Determine expressions for (a) the
transverse shear force and bending moment at a
section just to the left of the load at C, and (b) shear 
and moment just to the left of the support at D.
Express your answers in terms of P and a.
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MC�VC�
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Prob. 5.2-5. Two transverse forces and a couple are applied
as external loads to the cantilever beam AC in Fig. P5.2-5.
Determine the transverse shear force VC and the bending
moment MC at the fixed end C.

P5.2-4, P5.4-4, and P5.5-4

A B C12 kip . ft

6 kips

4 kips 4 ft 4 ft

P5.2-5, P5.4-8, P5.5-8, and P5.6-4

Prob. 5.2-6. For the cantilever beam AD in Fig. P5.2-6, de-
termine the reactions at D; that is determine VD and MD.
Express your answers in terms of P and a.

a

2P

A B C D

aa

2P P

P5.2-6, P5.4-7, and P5.5-7
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Prob. 5.2-4. The shaft in Fig. P5.2-4 is supported by bearings
at B and D that can only exert forces normal to the shaft.
Belts that pass over pulleys at A and E exert parallel forces
of 150 N and 300 N, respectively, as shown. Determine the
transverse shear force VC and the bending moment MC at
section C, midway between the two supports.

Prob. 5.2-1. For the simply supported beam AE in Fig.
P5.2-1, (a) determine and , the internal resultants
just to the left of the 20-kN load at C, and (b) determine 
and , the internal resultants just to the left of the 20-kN
load at D.
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5.7 PROBLEMS

In Problems 5.2-1 through 5.2.11 you are to determine the
internal resultants (transverse shear force V and bending
moment M) at specific cross sections of beams. Use the
sign conventions for V and M given in Fig. 5.6, p. 314,
and always draw complete and correct free-body dia-
grams. The minus-sign superscript signifies “just to the
left of” the referenced point; the plus-sign superscript
means “just to the right of” the referenced point.
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Prob. 5.2-2. For the beam AD in Fig. P5.2-2, (a) determine
the transverse shear force and the bending moment 

at a section just to the left of the support at B, and (b)
determine VE and ME at section E.
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VB�

Prob. 5.2-3. Transverse loads are applied to the beam in
Fig. P5.2-3 at A, C, and E, and a concentrated couple 3Pa is
applied to the beam at E. Determine expressions for (a) the
transverse shear force and bending moment at a
section just to the left of the load at C, and (b) shear 
and moment just to the left of the support at D.
Express your answers in terms of P and a.
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Prob. 5.2-6. For the cantilever beam AD in Fig. P5.2-6, de-
termine the reactions at D; that is determine VD and MD.
Express your answers in terms of P and a.
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50 kN 20 kN

2- شمارة مقطع هر یک از تیرهای زیر را با استفاده از پروفیل IPE تک و دوبل تعیین کنید. 
)تنش مجاز خمشی فولاد را 144 مگاپاسکال در نظر بگیرید.(
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ضمیمه:
جداول مشخصات نیم رخ های فولادی

IPB    نيمرخ بال پهن

سطح مقطع A=
وزن واحد طول G=

اينرس ممان I=ممان اينرسي I=
اساس مقطع S=

شعاع ژيراسيون i=

h b s t r c h‐2c A G Ix Sx ix Iy Sy iy rTIPB h b s t r c h 2c A G x Sx x y Sy y T

mm mm mm mm mm mm mm cm2 kg/m cm4 cm3 cm cm4 cm3 cm mm
100 100 100 6 10 12 22 56 26 20.4 450 89.9 4.16 167 33.5 2.53 27.8
120 120 120 6.5 11 12 23 74 34 26.7 864 144 5.04 318 52.9 3.06 33.4
140 140 140 7 12 12 24 92 43 33.7 1510 216 5.93 550 78.5 3.58 38.9
160 160 160 8 13 15 28 104 54.3 42.6 2490 311 6.78 889 111 4.05 44.4
180 180 180 8.5 14 15 29 122 65.3 51.2 3830 426 7.66 1360 151 4.57 49.9
200 200 200 9 15 18 33 134 78.1 61.3 5700 570 8.54 2000 200 5.07 55.5
220 220 220 9 5 16 18 34 152 91 71 5 8090 736 9 43 2840 258 5 59 61

IPB 

220 220 220 9.5 16 18 34 152 91 71.5 8090 736 9.43 2840 258 5.59 61
240 240 240 10 17 21 38 164 106 83.2 11260 938 10.3 3920 327 6.08 66.6
260 260 260 10 17.5 24 41.5 177 118 93 14920 1150 11.2 5130 395 6.58 72.2
280 280 280 10.5 18 24 42 196 131 103 19270 1380 12.1 6590 471 7.09 77.6
300 300 300 11 19 27 46 208 149 117 25170 1680 13 8560 571 7.58 83.2
320 320 300 11.5 20.5 27 47.5 225 161 127 30820 1930 13.8 9240 616 7.57 83.1
340 340 300 12 21.5 27 48.5 243 171 134 36660 2160 14.6 9690 646 7.53 82.9
360 360 300 12.5 22.5 27 49.5 261 181 142 43190 2400 15.5 10140 676 7.49 82.7
400 400 300 13 5 24 27 51 298 198 155 57680 2880 17 1 10820 721 7 4 82 3400 400 300 13.5 24 27 51 298 198 155 57680 2880 17.1 10820 721 7.4 82.3
450 450 300 14 26 27 53 344 218 171 79890 3550 19.1 11720 781 7.33 81.9
500 500 300 14.5 28 27 55 390 239 187 107200 4290 21.2 12620 842 7.27 81.6
550 550 300 15 29 27 56 438 254 199 136700 4970 23.2 13080 872 7.17 81.1
600 600 300 15.5 30 27 57 486 270 212 171000 5700 25.2 13530 902 7.08 80.7
650 650 300 16 31 27 58 534 286 225 210600 6480 27.1 13980 932 6.99 80.2
700 700 300 17 32 27 59 582 306 241 256900 7340 29 14440 963 6.87 79.6
800 800 300 17.5 33 30 63 674 334 262 359100 8980 32.8 14900 994 6.68 78.7
900 900 300 18 5 35 30 65 770 371 291 494100 10980 36 5 15820 1050 6 53 77 9900 900 300 18.5 35 30 65 770 371 291 494100 10980 36.5 15820 1050 6.53 77.9

1000 1000 300 19 36 30 66 868 400 314 644700 12890 40.1 16280 1090 6.38 77
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IPE    نيمرخ نيم پهن

سطح مقطع A=
وزن واحد طول G=
ممان اينرسي I=ممان اينرسي I

اساس مقطع S=
شعاع ژيراسيون i=

h b s t r c h-2c A G Ix Sx ix Iy Sy iy a1 rTIPE mm mm mm mm mm mm mm cm2 kg/m cm4 cm3 cm cm4 cm3 cm mm mm
80 80 46 3.8 5.2 5 10.2 59 7.64 6 80.1 20 3.24 8.49 3.69 1.05 63 12.2

100 100 55 4.1 5.7 7 12.7 74 10.3 8.1 171 34.2 4.07 15.9 5.79 1.24 79 14.6
120 120 64 4.4 6.3 7 13.3 93 13.2 10.4 318 53 4.9 27.7 8.65 1.45 96 16.9
140 140 73 4.7 6.9 7 13.9 112 16.4 12.9 541 77.3 5.74 44.9 12.3 1.65 112 19.3
160 160 82 5 7.4 9 16.4 127 20.1 15.8 869 109 6.58 68.3 16.7 1.84 129 21.7
180 180 91 5.3 8 9 17 146 23.9 18.8 1320 146 7.42 101 22.2 2.06 145 24
200 200 100 5.6 8.5 12 20.5 159 28.5 22.4 1940 194 8.26 142 28.5 2.24 162 26.4

IPE

200 200 100 5.6 8.5 12 20.5 159 28.5 22.4 1940 194 8.26 142 28.5 2.24 162 26.4
220 220 110 5.9 9.2 12 21.2 177 33.4 26.2 2770 252 9.11 205 37.3 2.48 179 29.1
240 240 120 6.2 9.8 15 24.8 190 39.1 30.7 3890 324 9.97 284 47.3 2.6 196 31.8
270 270 135 6.6 10.2 15 25.2 219 45.9 36.1 5790 429 11.2 420 62.2 3.02 220 35.6
300 300 150 7.1 10.7 15 25.7 248 53.8 42.2 8360 557 12.5 604 80.5 3.35 245 39.5
330 330 160 7.5 11.5 18 29.5 271 62.6 49.1 11770 713 13.7 788 98.5 3.55 270 42.1
360 360 170 8 12.7 18 30.7 298 72.7 57.1 16270 904 15 1040 123 3.79 294 44.7
400 400 180 8.6 13.5 21 34.5 331 84.5 66.3 23130 1160 16.5 1320 146 3.95 326 47.1
450 450 190 9 4 14 6 21 35 6 378 98 8 77 6 33740 1500 18 5 1680 176 4 12 365 49 4450 450 190 9.4 14.6 21 35.6 378 98.8 77.6 33740 1500 18.5 1680 176 4.12 365 49.4
500 500 200 10.2 16 21 37 426 116 90.7 48200 1930 20.4 2140 214 4.31 404 51.8
550 550 210 11.1 17.2 24 41.2 467 134 106 67120 2440 22.3 2670 254 4.45 442 54
600 600 220 12 19 24 43 514 156 122 92080 3070 24.3 3390 308 4.66 481 56.5
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 Cast IPE نيمرخ نيم پهن لانه زنبوري شده   

سطح مقطع A=
وزن واحد طول G=
ممان اينرسي I=
اساس مقطع S=

شعاع ژيراسيون i=

h H s t A G lxa Sxa Fb lxb Sxb

mm mm mm mm cm2 kg/m
(per 1.5h) cm4 cm3 cm2 cm4 cm3

120 80 120 3.8 5.2 9.16 0.718 206 34.3 6.12 189 31.6
150 100 150 4.1 5.7 12.4 1.21 437 58.2 8.25 403 53.7
180 120 180 4 4 6 3 15 8 1 86 809 89 9 10 6 746 82 8

Cast IPE

180 120 180 4.4 6.3 15.8 1.86 809 89.9 10.6 746 82.8
210 140 210 4.7 6.9 19.7 2.7 1370 131 13.1 1270 121
240 160 240 5 7.4 24.1 3.78 2200 184 16.1 2030 169
270 180 270 5.3 8 28.7 5.06 3330 247 19.1 3070 228
300 200 300 5.6 8.5 34.1 6.7 4910 327 22.9 4540 302
330 220 330 5.9 9.2 39.9 8.63 6990 423 26.9 6460 392
360 240 360 6.2 9.8 46.5 11 9790 544 31.7 9070 504
405 270 405 6 6 10 2 54 8 14 6 14550 719 37 13470 665405 270 405 6.6 10.2 54.8 14.6 14550 719 37 13470 665
450 300 450 7.1 10.7 64.5 19 21010 934 43.2 19410 863
495 330 495 7.5 11.5 75 24.3 29580 1200 50.2 27330 1100
540 360 540 8 12.7 87.1 30.8 40890 1510 58.3 37780 1400
600 400 600 8.6 13.5 102 39.7 58290 1940 67.3 53700 1790
675 450 675 9.4 14.6 120 52.2 85430 2530 77.7 78290 2320
750 500 750 10.2 16 142 68.2 122400 3260 90.5 111800 2980
825 550 825 11 1 17 2 165 86 6 171100 4150 103 155700 3770825 550 825 11.1 17.2 165 86.6 171100 4150 103 155700 3770
900 600 900 12 19 192 110 235300 5230 120 213700 4750
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UNP    نيمرخ ناوداني

سطح مقطع A=
وزن واحد طول G=
ممان اينرسي I=
اساس مقطع S=

شعاع ژيراسيون i=

h b s t=r1 r2 c h‐2c A G Ix Sx ix Iy Sy iy ey xM a1
mm mm mm mm mm mm mm cm2 kg/m cm4 cm3 cm cm4 cm3 cm cm cm mm

UNP 
g

30x15 30 15 4 4.5 2 9 12 2.21 1.74 2.53 1.69 1.07 0.38 0.39 0.42 0.52 0.74 --
30 30 33 5 7 3.5 14.5 1 5.44 4.27 6.39 4.26 1.08 5.33 2.68 0.99 1.31 2.22 --

40x20 40 20 5 5.5 2.5 11 18 3.66 2.87 7.58 3.79 1.44 1.14 0.86 0.56 0.67 1.01 --
40 40 35 5 7 3.5 14.5 11 6.21 4.87 14.1 7.05 1.5 6.68 3.08 1.04 1.33 2.32 --

50x25 50 25 5 6 3 12.5 25 4.92 3.86 16.8 6.73 1.85 2.49 1.48 0.71 0.81 1.34 --
50 50 38 5 7 3.5 15 20 7.12 5.59 26.4 10.6 1.92 9.12 3.75 1.13 1.37 2.47 4
60 60 30 6 6 3 12.5 35 6.46 5.07 31.6 10.5 2.21 4.51 2.16 0.84 0.91 1.5 --
65 65 42 5.5 7.5 4 16 33 9.03 7.09 57.5 17.7 2.52 14.1 5.07 1.25 1.42 2.6 16
80 80 45 6 8 4 17 47 11 8 64 106 26 5 3 1 19 4 6 36 1 33 1 45 2 67 2880 80 45 6 8 4 17 47 11 8.64 106 26.5 3.1 19.4 6.36 1.33 1.45 2.67 28

100 100 50 6 8.5 4.5 18 64 13.5 10.6 206 41.2 3.91 29.3 8.49 1.47 1.55 2.93 42
120 120 55 7 9 4.5 19 82 17 13.4 364 60.7 4.62 43.2 11.1 1.59 1.6 3.03 56
140 140 60 7 10 5 21 97 20.4 16 605 86.4 5.45 62.7 14.8 1.75 1.75 3.37 70
160 160 65 7.5 10.5 5.5 22.5 116 24 18.8 925 116 6.21 85.3 18.3 1.89 1.84 3.56 82
180 180 70 8 11 5.5 23.5 133 28 22 1350 150 6.95 114 22.4 2.02 1.92 3.75 96
200 200 75 8.5 11.5 6 24.5 151 32.2 25.3 1910 191 7.7 148 27 2.14 2.01 3.94 108
220 220 80 9 12.5 6.5 26.5 166 37.4 29.4 26900 245 8.48 197 33.6 2.3 2.14 4.2 122
240 240 85 9.5 13 6.5 28 185 42.3 33.2 3600 300 9.22 248 39.6 2.42 2.23 4.39 134
260 260 90 10 14 7 30 201 48.3 37.9 4820 371 9.99 317 47.7 2.56 2.36 4.66 146
280 280 95 10 15 7.5 32 216 53.3 41.8 6280 448 10.9 399 57.2 2.74 2.53 5.02 160
300 300 100 10 16 8 34 232 58.8 46.2 8030 535 11.7 495 67.8 2.9 2.7 5.41 174
320 320 100 14 17.5 8.75 37 247 75.8 59.5 10870 679 12.1 597 80.6 2.81 2.6 4.82 182
350 350 100 14 16 8 34 283 77.3 60.6 12840 734 12.9 570 75 2.72 2.4 4.45 204
380 380 102 13.5 16 8 33.5 313 80.4 63.1 15760 829 14 615 78.7 2.77 2.38 4.58 227
400 400 110 14 18 9 38 325 91.5 71.8 20350 1020 14.9 846 102 3.04 2.65 5.11 240
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Angle  Equal Leg    نيمرخ نبشي با بال مساوي

سطح مقطع A=
وزن واحد طول G=
ممان اينرسي I=ي ر ي ن م
اساس مقطع S=

شعاع ژيراسيون i=

a X s r1 r2 A G e w v1 Ix=Iy Sx=Sy ix=iy Jξ iξ Jη Wη iη
2 4 3 4 3mm mm mm cm2 kg/m cm cm cm cm4 cm3 cm cm4 cm cm cm3 cm

20 X 3 3.5 2 1.12 0.88 0.6 1.41 0.85 0.39 0.28 0.59 0.62 0.74 0.15 0.18 0.37
20 X 4 3.5 2 1.45 1.14 0.64 1.41 0.9 0.48 0.35 0.58 0.77 0.73 0.19 0.21 0.36
25 X 3 3.5 2 1.42 1.12 0.73 1.77 1.03 0.79 0.45 0.75 1.27 0.95 0.31 0.3 0.47
25 X 4 3.5 2 1.85 1.45 0.76 1.77 1.08 1.01 0.58 0.74 1.61 0.93 0.4 0.37 0.47
25 X 5 3.5 2 2.26 1.77 0.8 1.77 1.13 1.18 0.69 0.72 1.87 0.91 0.5 0.44 0.47
30 X 3 5 2.5 1.74 1.36 0.84 2.12 1.18 1.41 0.65 0.9 2.24 1.14 0.57 0.48 0.57
30 X 4 5 2.5 2.27 1.78 0.89 2.12 1.24 1.81 0.86 0.89 2.85 1.12 0.76 0.61 0.58
30 X 5 5 2.5 2.78 2.18 0.92 2.12 1.3 2.16 1.04 0.88 3.41 1.11 0.91 0.7 0.57
35 X 3 5 2.5 2.04 1.6 0.96 2.47 1.36 2.29 0.9 1.06 3.63 1.34 0.95 0.7 0.68
35 X 4 5 2.5 2.67 2.1 1 2.47 1.41 2.96 1.18 1.05 4.68 1.33 1.24 0.88 0.68
35 X 5 5 2.5 3.28 2.57 1.04 2.47 1.47 3.56 1.45 1.04 5.63 1.31 1.49 1.01 0.67
35 X 6 5 2.5 3.87 3.04 1.08 2.47 1.53 4.14 1.71 1.04 6.5 1.3 1.77 1.16 0.68
40 X 3 6 3 2.35 1.84 1.07 2.83 1.52 3.45 1.18 1.21 5.45 1.52 1.44 0.95 0.78
40 X 4 6 3 3.08 2.42 1.12 2.83 1.58 4.48 1.56 1.21 7.09 1.52 1.86 1.18 0.78
40 X 5 6 3 3.79 2.97 1.16 2.83 1.64 5.43 1.91 1.2 8.64 1.51 2.22 1.35 0.77
40 X 6 6 3 4 48 3 52 1 2 2 83 1 7 6 33 2 26 1 19 9 98 1 49 2 67 1 57 0 7740 X 6 6 3 4.48 3.52 1.2 2.83 1.7 6.33 2.26 1.19 9.98 1.49 2.67 1.57 0.77
45 X 4 7 3.5 3.49 2.74 1.23 3.18 1.75 6.43 1.97 1.36 10.2 1.71 2.68 1.53 0.88
45 X 5 7 3.5 4.3 3.38 1.28 3.18 1.81 7.83 2.43 1.35 12.4 1.7 3.25 1.8 0.87
45 X 6 7 3.5 5.09 4 1.32 3.18 1.87 9.16 2.88 1.34 14.5 1.69 3.83 2.05 0.87
45 X 7 7 3.5 5.86 4.6 1.36 3.18 1.92 10.4 3.31 1.33 16.4 1.67 4.39 2.29 0.87
50 X 4 7 3.5 3.89 3.06 1.36 3.54 1.92 8.97 2.46 1.52 14.2 1.91 3.73 1.94 0.98
50 X 5 7 3.5 4.8 3.77 1.4 3.54 1.98 11 3.05 1.51 17.4 1.9 4.59 2.32 0.98
50 X 6 7 3.5 5.69 4.47 1.45 3.54 2.04 12.8 3.61 1.5 20.4 1.89 5.24 2.57 0.96
50 X 7 7 3 5 6 56 5 15 1 49 3 54 2 11 14 6 4 15 1 49 23 1 1 88 6 02 2 85 0 9650 X 7 7 3.5 6.56 5.15 1.49 3.54 2.11 14.6 4.15 1.49 23.1 1.88 6.02 2.85 0.96
50 X 8 7 3.5 7.41 5.82 1.52 3.54 2.16 16.3 4.68 1.48 25.7 1.86 6.87 3.19 0.96
50 X 9 7 3.5 8.24 6.47 1.56 3.54 2.21 17.9 5.2 1.47 28.1 1.85 7.67 3.47 0.97
55 X 5 8 4 5.32 4.18 1.52 3.89 2.15 14.7 3.7 1.66 23.3 2.09 6.11 2.84 1.07
55 X 6 8 4 6.31 4.95 1.56 3.89 2.21 17.3 4.4 1.66 27.4 2.08 7.24 3.28 1.07
55 X 8 8 4 8.23 6.46 1.64 3.89 2.32 22.1 5.72 1.64 34.8 2.06 9.35 4.03 1.07

55 X 10 8 4 10.1 7.9 1.72 3.89 2.43 26.3 6.97 1.62 41.4 2.02 11.3 4.65 1.06
60 X 5 8 4 5.82 4.57 1.64 4.24 2.32 19.4 4.45 1.82 30.7 2.3 8.03 3.46 1.17
60 X 6 8 4 6 91 5 42 1 69 4 24 2 39 22 8 5 29 1 82 36 1 2 29 9 43 3 95 1 1760 X 6 8 4 6.91 5.42 1.69 4.24 2.39 22.8 5.29 1.82 36.1 2.29 9.43 3.95 1.17
60 X 8 8 4 9.03 7.09 1.77 4.24 2.5 29.1 6.88 1.8 46.1 2.26 12.1 4.84 1.16
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 Square Tube    نيمرخ قوطي مربع

سطح مقطع A=
وزن واحد طول G=
ممان اينرسي I=
اساس مقطع S=

شعاع ژيراسيون i=

a X s A G I S i
mm cm2 kg/m cm4 cm3 cm

40 X 2.9 4.23 3.32 9.66 4.83 1.51
40 X 4 5.62 4.41 12.1 6.05 1.47

50 X 2.9 5.39 4.23 19.8 7.94 1.92
50 X 4 7.22 5.67 25.4 10.1 1.87

60 X 2.9 6.55 5.14 35.5 11.8 2.33
60 X 4 8.82 6.93 45.9 15.3 2.28
60 X 5 10.8 8.47 54.1 18 2.24

70 X 3.2 8.46 6.64 62.7 17.9 2.72
70 X 4 10.4 8.18 75.3 21.5 2.69
70 X 5 12.8 10 89.6 25.6 2.65

80 X 3.6 10.9 8.55 106 26.4 3.11
80 X 4.5 13.4 10.5 127 31.7 3.08
80 X 5.6 16.4 12.9 151 37.6 3.03
90 X 3.6 12.3 9.68 153 34 3.52
90 X 4.5 15.2 11.9 185 41 3.48
90 X 5.6 18.6 14.6 220 49 3.44
100 X 4 15.2 12 233 46.6 3.91
100 X 5 18.8 14.7 281 56.3 3.87

100 X 6.3 23.3 18.3 339 67.8 3.82
120 X 4.5 20.5 16.1 452 75.3 4.7
120 X 5.6 25.1 19.7 544 90.6 4.65
120 X 6.3 28 22 598 99.7 4.62
140 X 5.6 29.6 23.3 885 126 5.47
140 X 7.1 37 29 1080 154 5.4
140 X 8.8 45 35.3 1280 182 5.33
160 X 6.3 37.7 29.6 1460 183 6.23
160 X 8 47 36.9 1780 222 6.15

160 X 10 57.4 45.1 2100 263 6.05
180 X 6.3 42.8 33.6 2120 236 7.05
180 X 8 53.4 41.9 2590 288 6.97

180 X 10 65.4 51.4 3090 343 6.87
200 X 6.3 47.8 37.5 2960 296 7.86



163

P
R
O

B
L
E
M

S

2
3

8

 
6

.1
th

r
o
u
g
h
 
6

.1
8

 
U

sin
g
 th

e
 m

e
th

o
d

 o
f jo

in
ts, d

e
te

rm
in

e
 th

e
 fo

rc
e
 

in
 e

a
c
h

 m
e
m

b
e
r o

f th
e
 tru

ss sh
o

w
n

. S
ta

te
 w

h
e
th

e
r e

a
c
h

 m
e
m

b
e
r 

is in
 te

n
sio

n
 o

r c
o

m
p

re
ssio

n
.

1
8
0
0
 lb

4
 ft

8
 ft

3
 ft

A
B

C

F
ig

. 
P
6

.1

A

B

C

8
4
 k

N

3
 m

1
.2

5
 m

4
 m

F
ig

. 
P
6

.2

A
B

4
5
0
 lb

C

2
4
 in

.
7
.5

 in
.

1
0
 in

.

F
ig

. 
P
6

.3

D

C

A

B
0
.7

 m

2
.4

 m
2
.4

 m

4
8
 k

N

3
5
 k

N

F
ig

. 
P
6

.4

4
0
 in

.

3
2
 in

.

3
0
 in

.
C B

A
6
0
0
 lb

F
ig

. 
P
6
.5

4
0
0
 m

m
5
0
0
 m

m

3
7
5
 m

m

B
C

A 1
2
0
0
 N

F
ig

. 
P
6

.6

A

C
D

B

3
 m

3
 m

1
.2

5
 m

2
 k

N
2
 k

N

F
ig

. 
P
6
.7

A
B

C

D
E

F

2
0
 k

N

1
2
 k

N

5
 k

N
5
 k

N

1
.6

 m

3
 m

3
 m

F
ig

. 
P
6

.8

A
B

C

D

E
F

1
2
 k

ip
s

1
8

 k
ip

s

5
 ft

5
 ft

1
2
 ft

F
ig

. 
P
6

.9

b
e
e
8
0
1
5
6
_
c
h
0
6
_
2
2
6
-
2
7
5
.
i
n
d
d
 
P
a
g
e
 
2
3
8
 
 
1
0
/
1
6
/
0
9
 
 
1
1
:
5
0
:
4
6
 
A
M
 
u
s
e
r
-
s
1
7
3

/
V
o
l
u
m
e
s
/
M
H
D
Q
-
N
e
w
/
M
H
D
Q
1
5
2
/
M
H
D
Q
1
5
2
-
0
6

P
R
O

B
L
E
M

S

2
3

8

 
6

.1
th

r
o
u
g
h
 
6

.1
8

 
U

sin
g
 th

e
 m

e
th

o
d

 o
f jo

in
ts, d

e
te

rm
in

e
 th

e
 fo

rc
e
 

in
 e

a
c
h

 m
e
m

b
e
r o

f th
e
 tru

ss sh
o

w
n

. S
ta

te
 w

h
e
th

e
r e

a
c
h

 m
e
m

b
e
r 

is in
 te

n
sio

n
 o

r c
o

m
p

re
ssio

n
.

1
8
0
0
 lb

4
 ft

8
 ft

3
 ft

A
B

C

F
ig

. 
P
6

.1

A

B

C

8
4
 k

N

3
 m

1
.2

5
 m

4
 m

F
ig

. 
P
6

.2

A
B

4
5
0
 lb

C

2
4
 in

.
7
.5

 in
.

1
0
 in

.

F
ig

. 
P
6

.3

D

C

A

B
0
.7

 m

2
.4

 m
2
.4

 m

4
8
 k

N

3
5
 k

N

F
ig

. 
P
6

.4

4
0
 in

.

3
2
 in

.

3
0
 in

.
C B

A
6
0
0
 lb

F
ig

. 
P
6
.5

4
0
0
 m

m
5
0
0
 m

m

3
7
5
 m

m

B
C

A 1
2
0
0
 N

F
ig

. 
P
6

.6

A

C
D

B

3
 m

3
 m

1
.2

5
 m

2
 k

N
2
 k

N

F
ig

. 
P
6
.7

A
B

C

D
E

F

2
0
 k

N

1
2
 k

N

5
 k

N
5
 k

N

1
.6

 m

3
 m

3
 m

F
ig

. 
P
6

.8

A
B

C

D

E
F

1
2
 k

ip
s

1
8

 k
ip

s

5
 ft

5
 ft

1
2
 ft

F
ig

. 
P
6

.9

b
e
e
8
0
1
5
6
_
c
h
0
6
_
2
2
6
-
2
7
5
.
i
n
d
d
 
P
a
g
e
 
2
3
8
 
 
1
0
/
1
6
/
0
9
 
 
1
1
:
5
0
:
4
6
 
A
M
 
u
s
e
r
-
s
1
7
3

/
V
o
l
u
m
e
s
/
M
H
D
Q
-
N
e
w
/
M
H
D
Q
1
5
2
/
M
H
D
Q
1
5
2
-
0
6

 Round Tube    نيمرخ لوله

سطح مقطع A=
وزن واحد طول G=
ممان اينرسي I=
اساس مقطع S=

شعاع ژيراسيون i=

D X s A G I S ix
mm cm2 kg/m cm4 cm3 cm

21.3 X 2 1.21 0.962 0.571 0.536 0.686
21.3 X 2.6 1.53 1.21 0.681 0.639 0.668
21.3 X 3.2 1.82 1.44 0.768 0.722 0.65
26 9 X 2 1 56 1 24 1 22 0 907 0 88326.9 X 2 1.56 1.24 1.22 0.907 0.883
26.9 X 2.6 1.98 1.57 1.48 1.1 0.864
26.9 X 3.2 2.38 1.89 1.7 1.27 0.846
33.7 X 2.6 2.54 2.01 3.09 1.84 1.1
33.7 X 3.2 3.07 2.42 3.6 2.14 1.08
33.7 X 4 3.73 2.95 4.19 2.49 1.06
42.4 X 2.6 3.25 2.57 6.46 3.05 1.41
42 4 X 3 2 3 94 3 11 7 62 3 59 1 3942.4 X 3.2 3.94 3.11 7.62 3.59 1.39
42.4 X 4 4.83 3.81 8.99 4.24 1.36
48.3 X 2.6 3.73 2.95 9.78 4.05 1.62
48.3 X 3.2 4.53 3.59 11.6 4.8 1.6
48.3 X 4 5.57 4.41 13.8 5.7 1.57
60.3 X 2.9 5.23 4.14 21.6 7.16 2.03
60.3 X 3.6 6.41 5.07 25.9 8.58 2.01
60 3 X 4 7 07 5 59 28 2 9 34 260.3 X 4 7.07 5.59 28.2 9.34 2
60.3 X 5 8.69 6.82 33.5 11.1 1.96
76.1 X 2.9 6.67 5.82 44.7 11.8 2.59
76.1 X 3.6 8.2 6.49 54 14.2 2.57
76.1 X 4 9.06 7.17 59.1 15.5 2.55
76.1 X 5 11.2 8.77 70.9 18.6 2.52
88.9 X 3.2 8.62 6.81 79.2 17.8 3.03
88 9 X 3 6 9 65 7 57 87 9 19 8 3 0288.9 X 3.6 9.65 7.57 87.9 19.8 3.02
88.9 X 4 10.7 8.43 96.3 21.7 3
88.9 X 5 13.2 10.3 116 26.2 2.97
88.9 X 6.3 16.3 12.9 140 31.5 2.93
101.6 X 3.6 11.1 8.76 133 26.2 3.47
101.6 X 4.5 13.7 10.7 162 31.9 3.44
101.6 X 5.6 16.9 13.2 195 38.4 3.4
101 6 X 7 1 21 1 16 6 237 46 6 3 35
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