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تحلیل خرپا واحد یادگیری     5

مقدمه
سـازه های سـاختمانی شـامل انواع سـازه های قابی، سـازه های پوسـته ای، سـازه های کابلی وسـازه های خرپایی 

می باشد.
به هر عضو یا مجموعه ای از اعضا که نیروی وارد شده به آن  را تحمل نموده و منتقل نماید، سازه گفته می شود.

بنابراین تیرها، ستون ها، بادبندها و ... نیز نوعی سازه می باشند.
منظـور از تحلیـل سـازه، بررسـی پایداری سـازه، تعییـن عکس العمل های تکیه گاهـی، نیروهای داخلـی و تغییر 
شـکل سـازه تحـت تأثیـر نیروهـای خارجـی وارد بـه آن می باشـد کـه درپودمـان دوم کتـاب راجـع بـه تعییـن 
عکس العمل هـا بحـث شـد و در ایـن پودمـان تنهـا بـه تعییـن نیروهای داخلـی در اعضـای خرپاهـای صفحه ای 

و تیرها بسـنده می شـود.

C EA

B D

عضو AB خرپا

گرة خرپا

)Truss( 5 - 1 - خرپا
خرپاهـا سـازه هایی هسـتند متشـکل از اعضـا )میله هایـی( کـه در دو انتهـای خـود به صـورت مفصـل )پین( به 

یکدیگـر متصـل شـده و عموماً تشـکیل شـبکه های مثلثـی می دهند.

خرپاها به طور کلی به دو گروه تقسیم می شوند.
1- خرپاهـای صفحـه ای: خرپاهایـی هسـتند کـه فرم پایه آنها تشـکیل شـده از سـه عضـو )میله( و سـه گره 
)پیـن یـا مفصـل( کـه در یـک صفحـه واقع شـده و بـا افـزودن دو عضـو و یک گـره جدیـد گسـترش می یابند. 

)1 )شکل 

5 - 1 - 1- انواع خرپا 

 شکل 1 
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4/5 Space Trusses
A space truss is the three-dimensional counterpart of the plane

truss described in the three previous articles. The idealized space truss
consists of rigid links connected at their ends by ball-and-socket joints
(such a joint is illustrated in Fig. 3/8 in Art. 3/4). Whereas a triangle of
pin-connected bars forms the basic noncollapsible unit for the plane
truss, a space truss, on the other hand, requires six bars joined at their
ends to form the edges of a tetrahedron as the basic noncollapsible unit.
In Fig. 4/13a the two bars AD and BD joined at D require a third sup-
port CD to keep the triangle ADB from rotating about AB. In Fig. 4/13b
the supporting base is replaced by three more bars AB, BC, and AC to
form a tetrahedron not dependent on the foundation for its own rigidity.

We may form a new rigid unit to extend the structure with three ad-
ditional concurrent bars whose ends are attached to three fixed joints on
the existing structure. Thus, in Fig. 4/13c the bars AF, BF, and CF are
attached to the foundation and therefore fix point F in space. Likewise
point H is fixed in space by the bars AH, DH, and CH. The three addi-
tional bars CG, FG, and HG are attached to the three fixed points C, F,
and H and therefore fix G in space. The fixed point E is similarly cre-
ated. We see now that the structure is entirely rigid. The two applied
loads shown will result in forces in all of the members. A space truss
formed in this way is called a simple space truss.

Ideally there must be point support, such as that given by a ball-
and-socket joint, at the connections of a space truss to prevent bend-
ing in the members. As in riveted and welded connections for plane
trusses, if the centerlines of joined members intersect at a point, we
can justify the assumption of two-force members under simple tension
and compression.

Statically Determinate Space Trusses
When a space truss is supported externally so that it is statically de-

terminate as an entire unit, a relationship exists between the number of
its joints and the number of its members necessary for internal stability
without redundancy. Because the equilibrium of each joint is specified by
three scalar force equations, there are in all 3j such equations for a space
truss with j joints. For the entire truss composed of m members there are
m unknowns (the tensile or compressive forces in the members) plus six
unknown support reactions in the general case of a statically determinate
space structure. Thus, for any space truss, the equation m � 6 � 3j will be
satisfied if the truss is statically determinate internally. A simple space
truss satisfies this relation automatically. Starting with the initial tetra-
hedron, for which the equation holds, the structure is extended by adding
three members and one joint at a time, thus preserving the equality.

As in the case of the plane truss, this relation is a necessary condi-
tion for stability, but it is not a sufficient condition, since one or more
of the m members can be arranged in such a way as not to contribute
to a stable configuration of the entire truss. If m � 6 � 3j, there are
more members than there are independent equations, and the truss is
statically indeterminate internally with redundant members present.
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4/5
Space Trusses

A
space truss

is the three-dim
ensional counterpart of the plane

truss described in the three previous articles. The idealized space truss

consists of rigid links connected at their ends by ball-and-socket joints

(such a joint is illustrated in Fig. 3/8 in Art. 3/4). W
hereas a triangle of

pin-connected bars form
s the basic noncollapsible unit for the plane

truss, a space truss, on the other hand, requires six bars joined at their

ends to form
 the edges of a tetrahedron as the basic noncollapsible unit.

In Fig. 4/13a
the tw

o bars AD
and

BD
joined at D

require a third sup-

port CD
to keep the triangle AD

B
from

 rotating about AB. In Fig. 4/13b

the supporting base is replaced by three m
ore bars AB, BC, and AC

to

form
 a tetrahedron not dependent on the foundation for its ow

n rigidity.

W
e m

ay form
 a new

 rigid unit to extend the structure w
ith three ad-

ditional concurrent bars w
hose ends are attached to three fixed joints on

the existing structure. Thus, in Fig. 4/13c
the bars AF, BF, and CF

are

attached to the foundation and therefore fix point F
in space. Likew

ise

point
H

is fixed in space by the bars AH
, D

H
, and CH

. The three addi-

tional bars CG
, FG

, and H
G

are attached to the three fixed points C, F,

and
H

and therefore fix G
in space. The fixed point E

is sim
ilarly cre-

ated. W
e see now

 that the structure is entirely rigid. The tw
o applied

loads show
n w

ill result in forces in all of the m
em

bers. A space truss

form
ed in this w

ay is called a sim
ple space truss.

Ideally there m
ust be point support, such as that given by a ball-

and-socket joint, at the connections of a space truss to prevent bend-

ing in the m
em

bers. As in riveted and w
elded connections for plane

trusses, if the centerlines of joined m
em

bers intersect at a point, w
e

can justify the assum
ption of tw

o-force m
em

bers under sim
ple tension

and com
pression.

Statically Determ
inate Space Trusses

W
hen a space truss is supported externally so that it is statically de-

term
inate as an entire unit, a relationship exists betw

een the num
ber of

its joints and the num
ber of its m

em
bers necessary for internal stability

w
ithout redundancy. Because the equilibrium

 of each joint is specified by

three scalar force equations, there are in all 3j such equations for a space

truss w
ith j joints. For the entire truss com

posed of m
m
em

bers there are

m
unknow

ns (the tensile or com
pressive forces in the m

em
bers) plus six

unknow
n support reactions in the general case of a statically determ

inate

space structure. Thus, for any space truss, the equation m
�

6
�

3j w
ill be

satisfied if the truss is statically determ
inate internally. A sim

ple
space

truss satisfies this relation autom
atically. Starting w

ith the initial tetra-

hedron, for w
hich the equation holds, the structure is extended by adding

three m
em

bers and one joint at a tim
e, thus preserving the equality.

As in the case of the plane truss, this relation is a necessary condi-

tion for stability, but it is not a sufficient condition, since one or m
ore

of the m
m
em

bers can be arranged in such a w
ay as not to contribute

to a stable configuration of the entire truss. If m
�

6
�

3j, there are

m
ore m

em
bers than there are independent equations, and the truss is

statically indeterm
inate internally w

ith redundant m
em

bers present.
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2- خرپاهـای فضایی: بـه خرپاهایی گفته می شـود 
کـه فرم پایه آنها تشـکیل شـده از شـش عضـو و چهار 
گـره کـه یک شـبکه فضایـی سـاخته و با افزودن سـه 
عضـو و  یـک گـره جدیـد گسـترش می یابند. )شـکل 

)2

5 - 1-2- شکل خرپاها
ــه ای  ــای صفح ــد خرپاه ــه ش ــه گفت ــور ک همان ط
از تعــدادی شــبکه مثلثــی تشــکیل می یابنــد و 
دلیــل اســتفاده از هندســة مثلثــی در آنهــا، پایــداری 
ــه ســایر اشــکال هندســی  هندســی مثلــث نســبت ب
می باشــد. چــرا کــه در مثلــث تغییــر زاویــه مشــروط 
بــه تغییــر طــول اضــاع آن می باشــد و ایــن تغییــر در 
هندســة مثلثــی خرپاهــا بــه ســادگی اتفــاق نمی افتــد 
درحالی کــه در یــک هندســة چهارضلعــی بــدون 
تغییــر طــول اضــاع آن هــا تغییــر شــکل بــه راحتــی 

ــرد. ــورت می پذی ص

2316.3 SIMPLE TRUSSES
Consider the truss of Fig. 6.6a, which is made of four members con-
nected by pins at A, B, C, and D. If a load is applied at B, the truss 
will greatly deform, completely losing its original shape. In contrast, 
the truss of Fig. 6.6b, which is made of three members connected 
by pins at A, B, and C, will deform only slightly under a load applied 
at B. The only possible deformation for this truss is one involving 
small changes in the length of its members. The truss of Fig. 6.6b 
is said to be a rigid truss, the term rigid being used here to indicate 
that the truss will not collapse.

†The three joints must not be in a straight line.

Fig. 6.6
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 As shown in Fig. 6.6c, a larger rigid truss can be obtained by 
adding two members BD and CD to the basic triangular truss of 
Fig. 6.6b. This procedure can be repeated as many times as desired, 
and the resulting truss will be rigid if each time two new members 
are added, they are attached to two existing joints and connected at 
a new joint.† A truss which can be constructed in this manner is 
called a simple truss.
 It should be noted that a simple truss is not necessarily made 
only of triangles. The truss of Fig. 6.6d, for example, is a simple truss 
which was constructed from triangle ABC by adding successively the 
joints D, E, F, and G. On the other hand, rigid trusses are not always 
simple trusses, even when they appear to be made of triangles. The 
Fink and Baltimore trusses shown in Fig. 6.5, for instance, are not 
simple trusses, since they cannot be constructed from a single trian-
gle in the manner described above. All the other trusses shown in 
Fig. 6.5 are simple trusses, as may be easily checked. (For the K 
truss, start with one of the central triangles.)
 Returning to Fig. 6.6, we note that the basic triangular truss of 
Fig. 6.6b has three members and three joints. The truss of Fig. 6.6c 
has two more members and one more joint, i.e., five members and 
four joints altogether. Observing that every time two new members 
are added, the number of joints is increased by one, we find that in 
a simple truss the total number of members is m 5 2n 2 3, where 
n is the total number of joints.

6.3 Simple Trusses

Photo 6.2 Two K-trusses were used as the 
main components of the movable bridge shown 
which moved above a large stockpile of ore. 
The bucket below the trusses picked up ore and 
redeposited it until the ore was thoroughly mixed.
The ore was then sent to the mill for processing 
into steel.
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شـکل های )3( و )4( را بـا قطعـات چوبـی و اتصـال مفصلـی بسـازید و بـا اعمـال نیـروی متناسـب، عملکرد 
آنهـا را بـا یکدیگـر مقایسـه نمایید.

فعالیت 
عملی1

بـرای تأمیـن پایـداری سـازه فـوق کافـی اسـت عضـو 
قطـری BC را بـه آن بیفزاییـم و چهـار ضلعی را به دو 

مثلـث تبدیـل نماییم. )شـکل 4(
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بـا توجـه بـه شـکل )3( دیده می شـود کـه در چهارضلعـی ABCD که اضـاع آن به صـورت مفصل یـا پین به 
هـم متصـل شـده اند بـا وارد آوردن نیـروی نه چنـدان بـزرگ F به راحتـی دچـار تغییرشـکل شـده و نقطه B به 

C منتقـل می شـود، بنابرایـن سـازه ناپایـدار بوده و این مسـئله نامطلوب اسـت. ´B و C بـه́ 

 شکل 2 

 شکل 3 

 شکل 4 
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5 - 1 - 3- فرضیات تحلیل خرپاها
منظـور از تحلیـل خرپـا، تعییـن نیـروی داخلـی هـر عضـو خرپـا و محاسـبة عکس العمل هـای تکیه گاهـی آن 

می باشـد و مبتنـی بـر فرضیاتـی بـه شـرح ذیل اسـت: 
1- نیروهای خارجی وارد بر خرپا در صفحه خرپا و در محل گره ها به آن اعمال می شود. )شکل 5(
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force at each end of the member. Each member can then be treated 
as a two-force member, and the entire truss can be considered as a 
group of pins and two-force members (Fig. 6.2b). An individual 
member can be acted upon as shown in either of the two sketches 
of Fig. 6.4. In Fig. 6.4a, the forces tend to pull the member apart, 
and the member is in tension; in Fig. 6.4b, the forces tend to com-
press the member, and the member is in compression. A number 
of typical trusses are shown in Fig. 6.5.
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2- اعضای خرپا )میله ها( به صورت مفصلی به یکدیگر متصل می شوند.
بـا توجـه بـه فرضیـات فوق، نیروهـای داخلی و خارجـی در محل گره بـه صورت متقـارب خواهند بـود. بنابراین 

نیروهـای داخلـی اعضـا در راسـتای آنهـا و به صورت کششـی یا فشـاری عمل می نمایند. )شـکل 6(

 شکل 5 

 شکل 6 
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5 - 1-4- روش تحلیل خرپا 

5 - 1 - 5- روش مفاصل )گره ها( در تحلیل خرپاها 

1- در ترسیم پیکر آزاد گره ها، از گره ای شروع می نماییم که بیش از دو مجهول نداشته باشد.نکته

بـرای تحلیـل خرپاهـا روش هـای مختلفـی وجـود دارد کـه در اینجـا بـه روش تحلیـل مفاصـل )گره هـا( اشـاره 
می شـود و در مقاطـع بالاتـر بـا سـایر روش هـای تحلیـل خرپـا آشـنا خواهید شـد.

فلسـفه ایـن روش بـر ایـن اصـل اسـتوار اسـت که چـون کل خرپا در حال تعادل اسـت پـس هر گره یـا جزء آن 
نیـز بایـد در حـال تعادل باشـد، بنابراین عمومـاً مراحل تحلیل خرپـا در این روش عبارت اسـت از:

 ← ← 2( ترسیم پیکر آزاد هر گره  1( محاسبه عکس العمل های تکیه گاهی 

← 4( حـل معادلات تشکیل شـده و   x

y

F
F

0
0

Σ =
Σ =

3( اعمـال شـرایط تعـادل هـر گـره )نقطـة مادی( یعنـی: 
محاسـبة مجهولات مـورد نظر

Ax A FAD

FAC

Ay
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FBD

D

FCD

P
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C

D

P
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 6.1through 6.18 Using the method of joints, determine the force 
in each member of the truss shown. State whether each member 
is in tension or compression.
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D

PAy
By

ابتـدا  را  اعضـا  داخلـی  نیـروی  اسـت  بهتـر   -2
بـه صـورت کششـی فـرض نمـوده و بـا رسـیدن 
بـه جـواب مثبـت ایـن فـرض صحیـح بـوده و در 
غیر این صـورت عضـو مـورد نظـر فشـاری خواهـد 

)شـکل 7( بـود. 

 شکل 7 
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3- در ترسـیم پیکـر آزاد هرگـره جهـت نیروهـای کششـی از گره دور شـده و جهت نیروهای فشـاری به گره نکته
می شـود.  نزدیک 

نتیجه نهایی تحلیل خرپای شکل )7( در شکل )8( نشان داده شده است.

در کتاب هـای تاریـخ فنی غـرب، چنین آمده اسـت کـه اولین نـوع سـاختمان های خرپایی، در 
قرن شـانزدهم میلادی سـاخته شـده اسـت. همچنین گفته شـده کـه اولین نوع خرپـای واقعی 
ثبت شـده در تاریـخ در قـرن شـانزدهم میـلادی توسـط یـک مهنـدس رومـی به نـام پالادیـو 
)Paladio( )1580 - 1518 م( ابـداع و سـاخته شـده اسـت. اما سـندهای تاریخی نشـان دهندة 
آن اسـت که سـاختمان خرپایی در ایران باسـتان از هزارة سـوم قبل از میلاد سـاخته می شـده 
اسـت. مورد اسـتناد در این بررسـی لوحه ای اسـت کـه در حفاری های باستان شناسـی شـوش 

به دسـت آمـده و تاریـخ آن بـه هزارة سـوم قبـل از میـلاد )پنج هزار سـال پیش( می رسـد.
در مورد موارد ذکر شده تحقیقی انجام داده و در جلسه آینده در کلاس ارائه نمایید.

تحقیق 
کنید

Ay By

B

C

D

P

A

فشاریفشاری

کششیکششی

شی
ش

ک

 شکل 8 
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خرپای شکل روبه رو را تحلیل نمایید.مثال 1

x x x

y y y

y y

A y

y y

y y

F A A kN

F A B

A B kN

M B

B B / kN

A / A / kN

0 5 0 5

0 20 0

20

0 20 4 5 3 8 0
65 8 13
8
8 13 20 11 87

+

+

Σ = ⇒ − = ⇒ = →

↑ Σ = ⇒ + − =

+ =

Σ = ⇒ × − × − × =

= ⇒ =

+ = ⇒ =

+
→+
→

I معادله

I در معادله
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FAC

FAD

A α
Ax=5

Ay=11/87

FBC

FDC

C
FAC=10/82

:C پیکر آزاد گرة

:B پیکر آزاد گرة

: A پیکر آزاد  گرة

+
→+
→x AD AC AD AC

y AD AD

AD

AC

AC

sin /
tan ( ) /

cos /
F F cos F / F F

F / F sin / F /
F / kN

/ ( / ) F
F / kN

1 0 63 36 86
0 84

0 5 0 5 0 8 0
0 11 87 0 0 6 11 87
19 78

5 0 8 19 78 0
10 82

−

+

α =
α = = ⇒  α =
Σ = ⇒ + α + = ⇒ + + =

↑ Σ = ⇒ + α = ⇒ = −

⇒ = −
⇒ + − + =
⇒ =



x AD AC AD AC

y AD AD

AD

AC

AC

sin /
tan ( ) /

cos /
F F cos F / F F

F / F sin / F /
F / kN

/ ( / ) F
F / kN

1 0 63 36 86
0 84

0 5 0 5 0 8 0
0 11 87 0 0 6 11 87
19 78

5 0 8 19 78 0
10 82

−

+

α =
α = = ⇒  α =
Σ = ⇒ + α + = ⇒ + + =

↑ Σ = ⇒ + α = ⇒ = −

⇒ = −
⇒ + − + =
⇒ =



II معادله

II از معادله

کششی

فشاری

By=8/13

FBD

Bα

FBC=10/82

فشاری

y BD

BD BD

F F sin /
/F F / kN
/

0 8 13 0
8 13 13 55
0 6

+
↑ Σ = ⇒ α + =

−⇒ = ⇒ = −

+
→+
→ xکششی BC BC

y CD

F F / F / kN

F F

0 10 82 0 10 82

0 0
+

Σ = ⇒ − = ⇒ =

↑ Σ = ⇒ =

3- تحلیل گره ها
 بـرای تحلیـل گره هـا بـا توجـه به وجـود دو عضـو )دو مجهول( در هـر یـک از گره هـای A و B می توانیم از 

هریـک از آنهـا شـروع نماییم کـه در این مثال گـرة A انتخـاب می گردد.

 CD و BC نیـز دارای دو مجهول  C می بینیم که گـرة AC باتوجـه بـه مشـخص شـدن نیروی داخلی عضـو
می باشـد و اکنـون می تـوان تحلیـل این گره را آغـاز کرد.
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5 - 1 - 6- اعضای صفر نیرویی
درمثـال )1( ماحظـه گردیـد کـه نیـروی داخلـی عضـو CD برابـر صفر اسـت کـه اصطاحـاً بـه آن عضو صفر 

نیرویـی گفته می شـود.
در موارد زیر می توان اعضای صفر نیرویی را بدون تحلیل تشخیص داد.

الـف( هـرگاه در گره ای دو عضو غیر هم راسـتا وجود داشـته باشـد و بـه آن گره نیروی خارجـی و یا عکس العمل 
 AD و AB تکیه گاهـی اعمـال نشـود، هـر دو عضو صفـر نیرویی خواهند بود. بـرای نمونه در شـکل )9(، اعضای

دارای چنین شـرایطی هسـتند. بنابرایـن این اعضا صفر نیرویـی خواهند بود. یعنی:
     FAB = FAD = 0 

P
R
O
B
LEM
S
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آیا این خرپا دارای عضو صفر نیرویی دیگری می باشد؟ چرا؟ نام ببرید.
ب( هـرگاه در گـره ای سـه عضـو وجود داشـته 
در  باشـند،  هم راسـتا  آن  عضـو  دو  کـه  باشـد 
صورتـی کـه نیـروی خارجـی روی گـرة مذکور 
نباشـد، عضـو سـوم صفـر نیرویـی خواهـد بود. 
 IJ و JK و BC در خرپای شـکل )10( اعضـای

صفـر نیرویـی می باشـند.

در خرپای شکل روبه رو مطلوب است:
الف( محاسبه عکس العمل های تکیه گاهی

ب( محاسبه نیروهای داخلی اعضا و تعیین کششی 
یا فشاری بودن آنها

فعالیت 
کلاسی1

229 In this chapter, three broad categories of engineering structures 
will be considered:

 1. Trusses, which are designed to support loads and are usually 
stationary, fully constrained structures. Trusses consist exclu-
sively of straight members connected at joints located at the 
ends of each member. Members of a truss, therefore, are two-
force members, i.e., members acted upon by two equal and 
opposite forces directed along the member.

 2. Frames, which are also designed to support loads and are also 
usually stationary, fully constrained structures. However, like 
the crane of Fig. 6.1, frames always contain at least one mul-
tiforce member, i.e., a member acted upon by three or more 
forces which, in general, are not directed along the 
member.

 3. Machines, which are designed to transmit and modify forces 
and are structures containing moving parts. Machines, like 
frames, always contain at least one multiforce member.

TRUSSES

6.2 DEFINITION OF A TRUSS
The truss is one of the major types of engineering structures. It 
provides both a practical and an economical solution to many engi-
neering situations, especially in the design of bridges and buildings. 
A typical truss is shown in Fig. 6.2a. A truss consists of straight 
members connected at joints. Truss members are connected at their 
extremities only; thus no member is continuous through a joint. In 
Fig. 6.2a, for example, there is no member AB; there are instead two 
distinct members AD and DB. Most actual structures are made of 
several trusses joined together to form a space framework. Each truss 
is designed to carry those loads which act in its plane and thus may 
be treated as a two-dimensional structure.
 In general, the members of a truss are slender and can sup-
port little lateral load; all loads, therefore, must be applied to the 
various joints, and not to the members themselves. When a con-
centrated load is to be applied between two joints, or when a dis-
tributed load is to be supported by the truss, as in the case of a 
bridge truss, a floor system must be provided which, through the 
use of stringers and floor beams, transmits the load to the joints 
(Fig. 6.3).
 The weights of the members of the truss are also assumed to 
be applied to the joints, half of the weight of each member being 
applied to each of the two joints the member connects. Although 
the members are actually joined together by means of welded, 
bolted, or riveted connections, it is customary to assume that the 
members are pinned together; therefore, the forces acting at each 
end of a member reduce to a single force and no couple. Thus, the 
only forces assumed to be applied to a truss member are a single 

A B

C

D

(a)

(b)

P

A B

C

D

P

Fig. 6.2

6.2 Defi nition of a Truss

Photo 6.1 Shown is a pin-jointed connection 
on the approach span to the San Francisco–
Oakland Bay Bridge.
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235 Consider now a joint connecting two members only. From 
Sec. 2.9, we know that a particle which is acted upon by two forces will 
be in equilibrium if the two forces have the same magnitude, same line 
of action, and opposite sense. In the case of the joint of Fig. 6.13a, 
which connects two members AB and AD lying in the same line, the 
forces in the two members must be equal for pin A to be in equilibrium. 
In the case of the joint of Fig. 6.13b, pin A cannot be in equilibrium 
unless the forces in both members are zero. Members connected as 
shown in Fig. 6.13b, therefore, must be zero-force members.
 Spotting the joints which are under the special loading condi-
tions listed above will expedite the analysis of a truss. Consider, for 
example, a Howe truss loaded as shown in Fig. 6.14. All of the mem-
bers represented by green lines will be recognized as zero-force 
members. Joint C connects three members, two of which lie in the 
same line and is not subjected to any external load; member BC is 
thus a zero-force member. Applying the same reasoning to joint K, 
we find that member JK is also a zero-force member. But joint J is 
now in the same situation as joints C and K, and member IJ must be 
a zero-force member. The examination of joints C, J, and K also shows 
that the forces in members AC and CE are equal, that the forces in 
members HJ and JL are equal, and that the forces in members IK 
and KL are equal. Turning our attention to joint I, where the 20-kN 
load and member HI are collinear, we note that the force in member 
HI is 20 kN (tension) and that the forces in members GI and IK are 
equal. Hence, the forces in members GI, IK, and KL are equal.
 Note that the conditions described above do not apply to joints B 
and D in Fig. 6.14, and it would be wrong to assume that the force in 
member DE is 25 kN or that the forces in members AB and BD are 
equal. The forces in these members and in all the remaining members 
should be found by carrying out the analysis of joints A, B, D, E, F, G, 
H, and L in the usual manner. Thus, until you have become thoroughly 
familiar with the conditions under which the rules established in this 
section can be applied, you should draw the free-body diagrams of all the 
pins and write the corresponding equilibrium equations (or draw the 
corresponding force polygons) whether or not the joints being consid-
ered are under one of the special loading conditions described above.
 A final remark concerning zero-force members: These mem-
bers are not useless. For example, although the zero-force members 
of Fig. 6.14 do not carry any loads under the loading conditions 
shown, the same members would probably carry loads if the loading 
conditions were changed. Besides, even in the case considered, these 
members are needed to support the weight of the truss and to main-
tain the truss in the desired shape.

6.5 Joints under Special Loading Conditions

Fig. 6.12

(a)

A

D

C

B

(b)

A

P

D

C

B

(a)

A

D

B

(b)

A

D

B

Fig. 6.13

Fig. 6.14
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B
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D

E

F
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H

25 kN
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50 kN
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J
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در خرپاهای زیر نیروهای داخلی اعضا را محاسبه نمایید. فعالیت 
کلاسی2

PROBLEMS

238

 6.1 through 6.18 Using the method of joints, determine the force 
in each member of the truss shown. State whether each member 
is in tension or compression.

1800 lb

4 ft 8 ft

3 ft

A B

C

Fig. P6.1

A

B

C

84 kN

3 m

1.25 m

4 m

Fig. P6.2

A
B

450 lb

C

24 in.7.5 in.

10 in.

Fig. P6.3

D

C

A

B
0.7 m

2.4 m 2.4 m

48 kN

35 kN

Fig. P6.4

40 in.

32 in.

30 in.
C

B

A 600 lb

Fig. P6.5

400 mm 500 mm

375 mm

B
C

A

1200 N

Fig. P6.6

A

C
D

B

3 m 3 m

1.25 m

2 kN2 kN

Fig. P6.7

A B C

D
E F

20 kN

12 kN
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1.6 m

3 m 3 m

Fig. P6.8

A B

C

D

E F

12 kips

18 kips

5 ft
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12 ft

Fig. P6.9

bee80156_ch06_226-275.indd Page 238  10/16/09  11:50:46 AM user-s173 /Volumes/MHDQ-New/MHDQ152/MHDQ152-06

450N

2/4m

1m

0/75m

PROBLEMS

238

 6.1 through 6.18 Using the method of joints, determine the force 
in each member of the truss shown. State whether each member 
is in tension or compression.

1800 lb

4 ft 8 ft

3 ft

A B

C

Fig. P6.1

A
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C

84 kN

3 m

1.25 m

4 m

Fig. P6.2
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C
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Fig. P6.3

D

C
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B
0.7 m

2.4 m 2.4 m

48 kN

35 kN

Fig. P6.4
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C

B

A 600 lb

Fig. P6.5

400 mm 500 mm

375 mm

B
C

A

1200 N

Fig. P6.6

A

C
D

B

3 m 3 m

1.25 m

2 kN2 kN

Fig. P6.7
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Fig. P6.9
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 6.1 through 6.18 Using the method of joints, determine the force 
in each member of the truss shown. State whether each member 
is in tension or compression.

1800 lb

4 ft 8 ft

3 ft

A B

C

Fig. P6.1

A

B

C

84 kN

3 m

1.25 m
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Fig. P6.2

A
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0.7 m
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Fig. P6.4
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A 600 lb

Fig. P6.5

400 mm 500 mm

375 mm

B
C

A

1200 N

Fig. P6.6
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Fig. P6.7
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در خرپای شکل روبه رو
اولاً: اعضای صفر نیرویی را تعیین کنید.

ثانیاً: نیروی داخلی سایر اعضا را محاسبه کنید.

در خرپاهای زیر اعضای صفر نیرویی را مشخص نمایید.

فعالیت 
کلاسی3

فعالیت 
کلاسی4

)ب()الف(

239Problems

 6.19 Determine whether the trusses given as Probs. 6.17, 6.21, and 6.23 
are simple trusses.

 6.20 Determine whether the trusses given as Probs. 6.12, 6.14, 6.22, 
and 6.24 are simple trusses.
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 6.19 Determine whether the trusses given as Probs. 6.17, 6.21, and 6.23 
are simple trusses.

 6.20 Determine whether the trusses given as Probs. 6.12, 6.14, 6.22, 
and 6.24 are simple trusses.
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 6.19 Determine whether the trusses given as Probs. 6.17, 6.21, and 6.23 
are simple trusses.

 6.20 Determine whether the trusses given as Probs. 6.12, 6.14, 6.22, 
and 6.24 are simple trusses.
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 6.19 Determine whether the trusses given as Probs. 6.17, 6.21, and 6.23 
are simple trusses.

 6.20 Determine whether the trusses given as Probs. 6.12, 6.14, 6.22, 
and 6.24 are simple trusses.
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 6.19 Determine whether the trusses given as Probs. 6.17, 6.21, and 6.23 
are simple trusses.

 6.20 Determine whether the trusses given as Probs. 6.12, 6.14, 6.22, 
and 6.24 are simple trusses.
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 6.19 Determine whether the trusses given as Probs. 6.17, 6.21, and 6.23 
are simple trusses.

 6.20 Determine whether the trusses given as Probs. 6.12, 6.14, 6.22, 
and 6.24 are simple trusses.
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 6.1 through 6.18 Using the method of joints, determine the force 
in each member of the truss shown. State whether each member 
is in tension or compression.
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خرپای زیر را به کمک برنامه SAP تحلیل کنید. از وزن اعضا خرپا صرف نظر کنید. 

برای شروع برنامه SAP را راه انداری نموده و مراحل زیر را انجام دهید. 
• با توجه به صورت سؤال واحد ها را روی N و m و c قرار دهید.  

• سـپس گزینـه new model  را کلیـک و ایـن بـار از  بین نمونه هـا 2D TRUSS را انتخاب نمـوده و با توجه 
به شـکل سـؤال صفحـه زیر را تکمیـل کنید. 

فعالیت 
کلاسی5

  . تحليل کنيد  از وزن اعضا خرپا صرف نظر کنيد   sapخرپای زير را به کمک برنامه   - تمرين عملی

  . را راه انداری نموده و مراحل زير را انجام دھيد   SAPبرای شروع يرنامه 

   با توجه به صورت سوال  واحد ھا را رویN   و m   وc    قرار دھيد 
   سپس گزينهnew model   ٢  را کليک و اين بار از  نمونهD TRUSS   وبا توجه به شکل سوال . راانتخاب نماييد

 . صفحه زير را تکميل کنيد 
  

  

ن عملی باشد  بايد اعضا اضافی پاک شده و ھمچنين برای اين که به مدل مطابق تمريپس از تاييد خرپای زير مدل می شود 
  .نتيجه نھايی به صورت زير خواھد بود . مجدا ترسيم شوند ممتداعضا 

   

   

  

   

برای اين که ھمزمان با ترسيم اعضا مقطع ھر عضو را تعيين کنيم لازم است ابتدا يک ماده با وزن مخصوص صفر تعريف شده 
  . و يک مقطع دلخواه با اين ماده تعريف و در زمان ترسيم اعضا در قسمت مربوط به معرفی سطح مقطع آن را انتخاب کنيم 

تعريف ميکنيم که مراحل اين کار  A٠تعريف ميکنيم وسپس يک مقطع به نام   CONC٠ ماده ای با اسم در اين جا مثل تمرين قبل
  . در شکل ھای زير ديده می شود 

  

پـس از تأییـد، خرپـا مـدل می شـود. بـرای ایـن که مـدل مطابـق تمرین عملی باشـد بایـد اعضـای اضافی پاک 
شـده و همچنیـن اعضـای ممتـد مجدداً ترسـیم شـوند. نتیجـة نهایی بـه صورت شـکل صفحة بعـد خواهد بود.  
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گام بعـدی بارگـذاری روی گره هـای J ، K ، L ، M ، N، O، P می باشـد کـه نحـوة بارگذاری یک گره در شـکل 
دیده می شـود. زیر 
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بارگذاری سایر گره ها به همین شکل انجام می شود. 
پس از بارگذاری و کنترل صحت کار انجام شده، با کلیک روی run analysis تحلیل خرپا انجام می گردد. 

ماننـد تمریـن قبـل نیروهـای هـر عضـو را بـا کلیـک روی آن عضـو و نوع نیـرو را نیـز می توانید مشـاهده کنید. 
در شـکل زیـر چنـد نمونـه را مشـاهده می کنید. 

نمایش نیروی محوری اعضا
از نتایج کار پرینت تهیه کنید و با هم کاسی های خود نتایج را بررسی نمایید. 
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6-1- تحلیل تیر

)Beam( 6-1-1- تعریف تیر

 هـدف از تحلیـل تیـر در ایـن واحـد یادگیـری تعییـن عکس العمل هـای تکیه گاهـی و نیروهـای داخلـی در هر 
مقطـع از تیر می باشـد.

تیـر عضـوی اسـت کـه بارهـای عمـود بـر محـور خـود را تحمـل و منتقـل می نمایـد و در اکثـر سـازه های 
بـه کار مـی رود. سـاختمانی 

تحلیل تیرها واحد یادگیری     6

272 Chapter 5 Distributed Forces

SECTION B SPECIAL TOPICS

5/6 Beams—External Effects
Beams are structural members which offer resistance to bending

due to applied loads. Most beams are long prismatic bars, and the loads
are usually applied normal to the axes of the bars.

Beams are undoubtedly the most important of all structural mem-
bers, so it is important to understand the basic theory underlying
their design. To analyze the load-carrying capacities of a beam we
must first establish the equilibrium requirements of the beam as a
whole and any portion of it considered separately. Second, we must es-
tablish the relations between the resulting forces and the accompany-
ing internal resistance of the beam to support these forces. The first
part of this analysis requires the application of the principles of stat-
ics. The second part involves the strength characteristics of the mater-
ial and is usually treated in studies of the mechanics of solids or the
mechanics of materials.

This article is concerned with the external loading and reactions act-
ing on a beam. In Art. 5/7 we calculate the distribution along the beam
of the internal force and moment.

Types of Beams
Beams supported so that their external support reactions can be cal-

culated by the methods of statics alone are called statically determinate
beams. A beam which has more supports than needed to provide equilib-
rium is statically indeterminate. To determine the support reactions for
such a beam we must consider its load-deformation properties in addi-
tion to the equations of static equilibrium. Figure 5/18 shows examples

Simple

Cantilever

Continuous

Combination

Statically determinate beams Statically indeterminate beams

End-supported cantilever

Fixed⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭ ⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭

Figure 5/18

تیر ساده

P

P

P1 P2

تیر طره ای )کنسولی(

تیر ساده طره دار

6-1-2- انواع تیرها از نظر شرایط تکیه گاهی
بـا توجـه به انـواع تکیه گاه ها کـه قباً معرفی شـده اند تیرهـا می توانند بـه صورت های مختلـف روی تکیه گاه ها 

قـرار گیرنـد که در این قسـمت بـه معرفی چند نوع از آنها اکتفا می شـود. )شـکل 1(

 شکل 1 
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6-1-3- انواع بارهای وارد به تیر
بارها به صورت های گوناگون به تیرها وارد می گردند که تعدادی از آنها عبارت اند از:

الف( بار متمرکز

q1

q2

p q1 q2

P

q

ب( بار گسترده یکنواخت

ج( بار گسترده غیر یکنواخت

د( ترکیبی از انواع فوق 

 شکل 2 

 شکل 3 

 شکل 4 

 شکل 5 
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عکس العمل های تکیه گاهی تیر شکل زیر رامحاسبه نمایید.مثال 1

الف( ابتدا مقدار برآیند بار گسترده )مساحت مستطیل( را به دست می آوریم.

6-1-4- تعیین عکس العمل های تکیه گاهی تیرها با بار گسترده یکنواخت
بـرای محاسـبه عکس العمل هـای تکیه گاهـی تیرهـا تحـت بـار گسـتردة یکنواخـت ابتدا بایـد مقـدار و محل اثر 

برآینـد بارهـای گسـترده یکنواخـت وارد بـه تیر را تعییـن نمود. مطابق شـکل )6(

مقـدار برآینـد بـار گسـترده برابـر مسـاحت مسـتطیل بـار وارده و محـل اثـر آن نقطة تاقـی دو قطر مسـتطیل 
)نصـف طـول آن( خواهـد بود.

بـا توجـه بـه مـوارد فوق الذکـر پیکـر آزاد تیـر را ترسـیم نمـوده و عکس العمل هـای تکیه گاهـی را محاسـبه 
می نماییـم.

kNq m20=

50512.2  SHEAR AND BENDING-MOMENT DIAGRAMS
As indicated in Sec. 12.1, the determination of the maximum abso-
lute values of the shear and of the bending moment in a beam are 
greatly facilitated if V and M are plotted against the distance x mea-
sured from one end of the beam. Besides, as you will see in Chap. 15, 
the knowledge of M as a function of x is essential to the determina-
tion of the deflection of a beam.
 In the examples and sample problems of this section, the shear 
and bending-moment diagrams will be obtained by determining the 
values of V and M at selected points of the beam. These values will 
be found in the usual way, i.e., by passing a section through the point 
where they are to be determined (Fig. 12.5a) and considering the 
equilibrium of the portion of beam located on either side of the sec-
tion (Fig. 12.5b). Since the shear forces V and V9 have opposite 
senses, recording the shear at point C with an up or down arrow 
would be meaningless, unless we indicated at the same time which 
of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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(a)  Internal forces
(positive shear and positive bending moment)

(b)  Effect of external forces
(positive shear)

(c)  Effect of external forces
(positive bending moment)

Fig. 12.6

†Note that this convention is the same that we used earlier in Sec. 11.2.
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when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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the knowledge of M as a function of x is essential to the determina-
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and bending-moment diagrams will be obtained by determining the 
values of V and M at selected points of the beam. These values will 
be found in the usual way, i.e., by passing a section through the point 
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senses, recording the shear at point C with an up or down arrow 
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forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
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ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.

B
C

A

w

x

P1 P2

(a)

C

B

C

A

wP1

RA

(b)V

M

P2

RB

M'

V'

Fig. 12.5

V

M

M'

V'

(a)  Internal forces
(positive shear and positive bending moment)

(b)  Effect of external forces
(positive shear)

(c)  Effect of external forces
(positive bending moment)

Fig. 12.6

†Note that this convention is the same that we used earlier in Sec. 11.2.

12.2 Shear and Bending-Moment Diagrams

bee80156_ch12_500-535.indd Page 505  10/8/09  4:35:19 AM user-s173 /Volumes/MHDQ-New/MHDQ152/MHDQ152-12

p=qL

L
2

L
2

50512.2  SHEAR AND BENDING-MOMENT DIAGRAMS
As indicated in Sec. 12.1, the determination of the maximum abso-
lute values of the shear and of the bending moment in a beam are 
greatly facilitated if V and M are plotted against the distance x mea-
sured from one end of the beam. Besides, as you will see in Chap. 15, 
the knowledge of M as a function of x is essential to the determina-
tion of the deflection of a beam.
 In the examples and sample problems of this section, the shear 
and bending-moment diagrams will be obtained by determining the 
values of V and M at selected points of the beam. These values will 
be found in the usual way, i.e., by passing a section through the point 
where they are to be determined (Fig. 12.5a) and considering the 
equilibrium of the portion of beam located on either side of the sec-
tion (Fig. 12.5b). Since the shear forces V and V9 have opposite 
senses, recording the shear at point C with an up or down arrow 
would be meaningless, unless we indicated at the same time which 
of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
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wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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6-1-5- رفتار تیر تحت تأثیر بارهای خارجی

6-1-6- نیروهای داخلی در تیرها با بار متمرکز

هنگامـی کـه تیـری تحـت تأثیـر نیروهـای خارجی مطابـق شـکل )7( واقـع می شـود، در آن پدیده های خمش 
و بـرش ایجـاد می گردد.

پدیده خمش باعث ایجاد کشش و فشار در لایه ها یا تارهای تحتانی و فوقانی تیر می گردد. )شکل 7(

پدیـده بـرش، رفتـاری از تیـر اسـت که تمایـل دارد تیـر را در مقاطـع مختلف آن قطـع نماید. این رفتار، شـبیه 
رفتـار یک قیچی می باشـد. )شـکل 8(

هنگامـی کـه تیـر تحت تأثیر بـار قرار می گیـرد در هر 
نقطـه از طـول تیـر نیروهایـی به وجود می آینـد که به 
آنهـا نیروهـای داخلـی تیـر می گوینـد. بـرای این کـه 
نیروهـای داخلـی در هـر نقطه از تیر تعیین شـود باید 
یـک بـرش )مقطـع( عمـود بر محـور تیـر در آن نقطه 
در نظـر گرفـت و پیکـر آزاد یکـی از قطعـات سـمت 
چـپ یـا راسـت مقطع مورد نظر را ترسـیم نمـوده و با 
توجـه بـه بحـث تعادل اثـر قطعـه دیگر را بـر روی آن 
اعمـال کـرد. به عنـوان مثـال در شـکل )9( در مقطع 

a-a خواهیم داشـت:

5/7 Beams—Internal Effects

The previous article treated the reduction of a distributed force to

one or more equivalent concentrated forces and the subsequent determi-

nation of the external reactions acting on the beam. In this article we in-

troduce internal beam effects and apply principles of statics to calculate

the internal shear force and bending moment as functions of location

along the beam.

Shear, Bending, and Torsion

In addition to supporting tension or compression, a beam can resist

shear, bending, and torsion. These three effects are illustrated in Fig.

5/22. The force V is called the shear force, the couple M is called the

bending moment, and the couple T is called a torsional moment. These

effects represent the vector components of the resultant of the forces

acting on a transverse section of the beam as shown in the lower part of

the figure.
Consider the shear force V and bending moment M caused by forces

applied to the beam in a single plane. The conventions for positive val-

ues of shear V and bending moment M shown in Fig. 5/23 are the ones

generally used. From the principle of action and reaction we can see

that the directions of V and M are reversed on the two sections. It is fre-

quently impossible to tell without calculation whether the shear and

moment at a particular section are positive or negative. For this reason

it is advisable to represent V and M in their positive directions on the

free-body diagrams and let the algebraic signs of the calculated values

indicate the proper directions.

As an aid to the physical interpretation of the bending couple M,

consider the beam shown in Fig. 5/24 bent by the two equal and opposite

positive moments applied at the ends. The cross section of the beam is

treated as an H-section with a very narrow center web and heavy top

and bottom flanges. For this beam we may neglect the load carried by

the small web compared with that carried by the two flanges. The upper

flange of the beam clearly is shortened and is under compression,

whereas the lower flange is lengthened and is under tension. The resul-

tant of the two forces, one tensile and the other compressive, acting on

any section is a couple and has the value of the bending moment on the

section. If a beam having some other cross-sectional shape were loaded
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the internal shear force and bending moment as functions of location
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In addition to supporting tension or compression, a beam can resist

shear, bending, and torsion. These three effects are illustrated in Fig.
5/22. The force V is called the shear force, the couple M is called the
bending moment, and the couple T is called a torsional moment. These
effects represent the vector components of the resultant of the forces
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ues of shear V and bending moment M shown in Fig. 5/23 are the ones
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it is advisable to represent V and M in their positive directions on the
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As an aid to the physical interpretation of the bending couple M,
consider the beam shown in Fig. 5/24 bent by the two equal and opposite
positive moments applied at the ends. The cross section of the beam is
treated as an H-section with a very narrow center web and heavy top
and bottom flanges. For this beam we may neglect the load carried by
the small web compared with that carried by the two flanges. The upper
flange of the beam clearly is shortened and is under compression,
whereas the lower flange is lengthened and is under tension. The resul-
tant of the two forces, one tensile and the other compressive, acting on
any section is a couple and has the value of the bending moment on the
section. If a beam having some other cross-sectional shape were loaded
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50512.2  SHEAR AND BENDING-MOMENT DIAGRAMS
As indicated in Sec. 12.1, the determination of the maximum abso-
lute values of the shear and of the bending moment in a beam are 
greatly facilitated if V and M are plotted against the distance x mea-
sured from one end of the beam. Besides, as you will see in Chap. 15, 
the knowledge of M as a function of x is essential to the determina-
tion of the deflection of a beam.
 In the examples and sample problems of this section, the shear 
and bending-moment diagrams will be obtained by determining the 
values of V and M at selected points of the beam. These values will 
be found in the usual way, i.e., by passing a section through the point 
where they are to be determined (Fig. 12.5a) and considering the 
equilibrium of the portion of beam located on either side of the sec-
tion (Fig. 12.5b). Since the shear forces V and V9 have opposite 
senses, recording the shear at point C with an up or down arrow 
would be meaningless, unless we indicated at the same time which 
of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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50512.2  SHEAR AND BENDING-MOMENT DIAGRAMS
As indicated in Sec. 12.1, the determination of the maximum abso-
lute values of the shear and of the bending moment in a beam are 
greatly facilitated if V and M are plotted against the distance x mea-
sured from one end of the beam. Besides, as you will see in Chap. 15, 
the knowledge of M as a function of x is essential to the determina-
tion of the deflection of a beam.
 In the examples and sample problems of this section, the shear 
and bending-moment diagrams will be obtained by determining the 
values of V and M at selected points of the beam. These values will 
be found in the usual way, i.e., by passing a section through the point 
where they are to be determined (Fig. 12.5a) and considering the 
equilibrium of the portion of beam located on either side of the sec-
tion (Fig. 12.5b). Since the shear forces V and V9 have opposite 
senses, recording the shear at point C with an up or down arrow 
would be meaningless, unless we indicated at the same time which 
of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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†Note that this convention is the same that we used earlier in Sec. 11.2.
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در تیر شکل مقابل مطلوب است:مثال 2
الف( محاسبه عکس العمل های تکیه گاهی 

ب( محاسـبه نیـروی برشـی و لنگـر خمشـی 
 C در نقطـة

6-1-6-1- علائم قراردادی نیرو های داخلی تیرها

6-1-6-2- محاسبة نیروهای داخلی تیرها با بار متمرکز

و مطابــق قانــون ســوم نیوتــن همیــن اثــر روی قطعــه 
ســمت راســت و در جهــت مخالــف وجــود دارد. 

ــکل 10( )ش

بـرای ایجـاد یکنواختـی در محاسـبات نیروهـای داخلـی در مقاطـع تیرهـا بهتر اسـت جهت های مثبـت نیروی 
برشـی و لنگـر خمشـی را به صـورت شـکل )11( در نظـر بگیریم.

بـرای محاسـبة نیروهـای داخلـی در هـر مقطـع، پس از ترسـیم پیکـر آزاد یکی از قطعات سـمت چپ یا راسـت 
آن مقطـع و قـرار دادن نیـروی برشـی V و لنگـر خمشـی M مطابق قرارداد فوق کافی اسـت معـادلات تعادل را 

بـرای قطعـه مـورد نظر تشـکیل داده و اقـدام به حل آنهـا نماییم.

1- نیروی برشی )V(بنابراین نیروهای داخلی در هر مقطع از تیرها عبارت اند از:}
)M( 2- لنگر خمشی

50512.2  SHEAR AND BENDING-MOMENT DIAGRAMS
As indicated in Sec. 12.1, the determination of the maximum abso-
lute values of the shear and of the bending moment in a beam are 
greatly facilitated if V and M are plotted against the distance x mea-
sured from one end of the beam. Besides, as you will see in Chap. 15, 
the knowledge of M as a function of x is essential to the determina-
tion of the deflection of a beam.
 In the examples and sample problems of this section, the shear 
and bending-moment diagrams will be obtained by determining the 
values of V and M at selected points of the beam. These values will 
be found in the usual way, i.e., by passing a section through the point 
where they are to be determined (Fig. 12.5a) and considering the 
equilibrium of the portion of beam located on either side of the sec-
tion (Fig. 12.5b). Since the shear forces V and V9 have opposite 
senses, recording the shear at point C with an up or down arrow 
would be meaningless, unless we indicated at the same time which 
of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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†Note that this convention is the same that we used earlier in Sec. 11.2.

12.2 Shear and Bending-Moment Diagrams

bee80156_ch12_500-535.indd Page 505  10/8/09  4:35:19 AM user-s173 /Volumes/MHDQ-New/MHDQ152/MHDQ152-12

p

Va

Ma

By

50512.2  SHEAR AND BENDING-MOMENT DIAGRAMS
As indicated in Sec. 12.1, the determination of the maximum abso-
lute values of the shear and of the bending moment in a beam are 
greatly facilitated if V and M are plotted against the distance x mea-
sured from one end of the beam. Besides, as you will see in Chap. 15, 
the knowledge of M as a function of x is essential to the determina-
tion of the deflection of a beam.
 In the examples and sample problems of this section, the shear 
and bending-moment diagrams will be obtained by determining the 
values of V and M at selected points of the beam. These values will 
be found in the usual way, i.e., by passing a section through the point 
where they are to be determined (Fig. 12.5a) and considering the 
equilibrium of the portion of beam located on either side of the sec-
tion (Fig. 12.5b). Since the shear forces V and V9 have opposite 
senses, recording the shear at point C with an up or down arrow 
would be meaningless, unless we indicated at the same time which 
of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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50512.2  SHEAR AND BENDING-MOMENT DIAGRAMS
As indicated in Sec. 12.1, the determination of the maximum abso-
lute values of the shear and of the bending moment in a beam are 
greatly facilitated if V and M are plotted against the distance x mea-
sured from one end of the beam. Besides, as you will see in Chap. 15, 
the knowledge of M as a function of x is essential to the determina-
tion of the deflection of a beam.
 In the examples and sample problems of this section, the shear 
and bending-moment diagrams will be obtained by determining the 
values of V and M at selected points of the beam. These values will 
be found in the usual way, i.e., by passing a section through the point 
where they are to be determined (Fig. 12.5a) and considering the 
equilibrium of the portion of beam located on either side of the sec-
tion (Fig. 12.5b). Since the shear forces V and V9 have opposite 
senses, recording the shear at point C with an up or down arrow 
would be meaningless, unless we indicated at the same time which 
of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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As indicated in Sec. 12.1, the determination of the maximum abso-
lute values of the shear and of the bending moment in a beam are 
greatly facilitated if V and M are plotted against the distance x mea-
sured from one end of the beam. Besides, as you will see in Chap. 15, 
the knowledge of M as a function of x is essential to the determina-
tion of the deflection of a beam.
 In the examples and sample problems of this section, the shear 
and bending-moment diagrams will be obtained by determining the 
values of V and M at selected points of the beam. These values will 
be found in the usual way, i.e., by passing a section through the point 
where they are to be determined (Fig. 12.5a) and considering the 
equilibrium of the portion of beam located on either side of the sec-
tion (Fig. 12.5b). Since the shear forces V and V9 have opposite 
senses, recording the shear at point C with an up or down arrow 
would be meaningless, unless we indicated at the same time which 
of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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As indicated in Sec. 12.1, the determination of the maximum abso-
lute values of the shear and of the bending moment in a beam are 
greatly facilitated if V and M are plotted against the distance x mea-
sured from one end of the beam. Besides, as you will see in Chap. 15, 
the knowledge of M as a function of x is essential to the determina-
tion of the deflection of a beam.
 In the examples and sample problems of this section, the shear 
and bending-moment diagrams will be obtained by determining the 
values of V and M at selected points of the beam. These values will 
be found in the usual way, i.e., by passing a section through the point 
where they are to be determined (Fig. 12.5a) and considering the 
equilibrium of the portion of beam located on either side of the sec-
tion (Fig. 12.5b). Since the shear forces V and V9 have opposite 
senses, recording the shear at point C with an up or down arrow 
would be meaningless, unless we indicated at the same time which 
of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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As indicated in Sec. 12.1, the determination of the maximum abso-
lute values of the shear and of the bending moment in a beam are 
greatly facilitated if V and M are plotted against the distance x mea-
sured from one end of the beam. Besides, as you will see in Chap. 15, 
the knowledge of M as a function of x is essential to the determina-
tion of the deflection of a beam.
 In the examples and sample problems of this section, the shear 
and bending-moment diagrams will be obtained by determining the 
values of V and M at selected points of the beam. These values will 
be found in the usual way, i.e., by passing a section through the point 
where they are to be determined (Fig. 12.5a) and considering the 
equilibrium of the portion of beam located on either side of the sec-
tion (Fig. 12.5b). Since the shear forces V and V9 have opposite 
senses, recording the shear at point C with an up or down arrow 
would be meaningless, unless we indicated at the same time which 
of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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50512.2  SHEAR AND BENDING-MOMENT DIAGRAMS
As indicated in Sec. 12.1, the determination of the maximum abso-
lute values of the shear and of the bending moment in a beam are 
greatly facilitated if V and M are plotted against the distance x mea-
sured from one end of the beam. Besides, as you will see in Chap. 15, 
the knowledge of M as a function of x is essential to the determina-
tion of the deflection of a beam.
 In the examples and sample problems of this section, the shear 
and bending-moment diagrams will be obtained by determining the 
values of V and M at selected points of the beam. These values will 
be found in the usual way, i.e., by passing a section through the point 
where they are to be determined (Fig. 12.5a) and considering the 
equilibrium of the portion of beam located on either side of the sec-
tion (Fig. 12.5b). Since the shear forces V and V9 have opposite 
senses, recording the shear at point C with an up or down arrow 
would be meaningless, unless we indicated at the same time which 
of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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گام1( ترسیم پیکر آزاد تیر:

گام2( محاسبه عکس العمل های تکیه گاهی:

گام3( بـرای تعییـن نیروهـای داخلـی در مقطـع C، تیر را در این نقطه به دو قسـمت تقسـیم نمـوده و قطعة 
سـمت چپ را مورد بررسـی قـرار می دهیم.

گام4( تشکیل معادلات تعادل و حل آنها برای این قطعه 
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عکس العمل های تکیه گاهی تیرهای زیر را به دست آورید. فعالیت 
کلاسی1

)ب(

5/132 Draw the shear and moment diagrams for the beam
subjected to the two point loads. Determine the
maximum bending moment and its location.

Problem 5/132

Representative Problems

5/133 Draw the shear and moment diagrams for the
loaded beam and find the maximum magnitude M
of the bending moment.

Problem 5/133

5/134 Construct the shear and moment diagrams for the
beam loaded by the 2-kN force and the 1.6-kN m
couple. State the value of the bending moment at
point B.

Problem 5/134
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Article 5/7 Problems 287

5/135 Draw the shear and moment diagrams for the uni-
formly loaded beam and find the maximum bend-
ing moment .

Problem 5/135

5/136 Draw the shear and moment diagrams for the
loaded beam and determine the maximum value

of the moment.

Problem 5/136

5/137 Draw the shear and moment diagrams for the
loaded cantilever beam where the end couple is
adjusted so as to produce zero moment at the fixed
end of the beam. Find the bending moment M at

.

Problem 5/137
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5/132 Draw the shear and moment diagrams for the beam
subjected to the two point loads. Determine the
maximum bending moment and its location.

Problem 5/132

Representative Problems

5/133 Draw the shear and moment diagrams for the
loaded beam and find the maximum magnitude M
of the bending moment.

Problem 5/133

5/134 Construct the shear and moment diagrams for the
beam loaded by the 2-kN force and the 1.6-kN m
couple. State the value of the bending moment at
point B.

Problem 5/134
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5/135 Draw the shear and moment diagrams for the uni-
formly loaded beam and find the maximum bend-
ing moment .

Problem 5/135

5/136 Draw the shear and moment diagrams for the
loaded beam and determine the maximum value

of the moment.

Problem 5/136

5/137 Draw the shear and moment diagrams for the
loaded cantilever beam where the end couple is
adjusted so as to produce zero moment at the fixed
end of the beam. Find the bending moment M at

.
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5/132 Draw the shear and moment diagrams for the beam
subjected to the two point loads. Determine the
maximum bending moment and its location.

Problem 5/132

Representative Problems

5/133 Draw the shear and moment diagrams for the
loaded beam and find the maximum magnitude M
of the bending moment.

Problem 5/133

5/134 Construct the shear and moment diagrams for the
beam loaded by the 2-kN force and the 1.6-kN m
couple. State the value of the bending moment at
point B.

Problem 5/134
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Article 5/7 Problems 287

5/135 Draw the shear and moment diagrams for the uni-
formly loaded beam and find the maximum bend-
ing moment .

Problem 5/135

5/136 Draw the shear and moment diagrams for the
loaded beam and determine the maximum value

of the moment.

Problem 5/136

5/137 Draw the shear and moment diagrams for the
loaded cantilever beam where the end couple is
adjusted so as to produce zero moment at the fixed
end of the beam. Find the bending moment M at

.

Problem 5/137
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5/132Draw the shear and moment diagrams for the beam
subjected to the two point loads. Determine the
maximum bending moment and its location.

Problem 5/132

Representative Problems

5/133Draw the shear and moment diagrams for the
loaded beam and find the maximum magnitude M
of the bending moment.

Problem 5/133

5/134Construct the shear and moment diagrams for the
beam loaded by the 2-kN force and the 1.6-kNm
couple. State the value of the bending moment at
pointB.

Problem 5/134
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5/135Draw the shear and moment diagrams for the uni-
formly loaded beam and find the maximum bend-
ing moment .

Problem 5/135

5/136Draw the shear and moment diagrams for the
loaded beam and determine the maximum value

of the moment.

Problem 5/136

5/137Draw the shear and moment diagrams for the
loaded cantilever beam where the end couple is
adjusted so as to produce zero moment at the fixed
end of the beam. Find the bending moment Mat

.

Problem 5/137
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5/132 Draw the shear and moment diagrams for the beam
subjected to the two point loads. Determine the
maximum bending moment and its location.

Problem 5/132

Representative Problems

5/133 Draw the shear and moment diagrams for the
loaded beam and find the maximum magnitude M
of the bending moment.

Problem 5/133

5/134 Construct the shear and moment diagrams for the
beam loaded by the 2-kN force and the 1.6-kN m
couple. State the value of the bending moment at
point B.

Problem 5/134
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Article 5/7 Problems 287

5/135 Draw the shear and moment diagrams for the uni-
formly loaded beam and find the maximum bend-
ing moment .

Problem 5/135

5/136 Draw the shear and moment diagrams for the
loaded beam and determine the maximum value

of the moment.

Problem 5/136

5/137 Draw the shear and moment diagrams for the
loaded cantilever beam where the end couple is
adjusted so as to produce zero moment at the fixed
end of the beam. Find the bending moment M at

.

Problem 5/137
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5/142 Draw the shear and moment diagrams for the beam
loaded as shown. Specify the maximum moment

.

Problem 5/142

5/143 Determine the maximum bending moment M and
the corresponding value of x in the crane beam and
indicate the section where this moment acts.

Problem 5/143

5/144 Draw the shear and moment diagrams for the
beam loaded by the force F applied to the strut
welded to the beam as shown. Specify the bending
moment at point B.

Problem 5/144
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5/138 Determine the shear and moment diagrams for the
loaded cantilever beam. Specify the shear V and
moment M at the middle section of the beam.

Problem 5/138

5/139 The shear force in pounds in a certain beam is
given by where x is the distance
in feet measured along the beam. Determine the
corresponding variation with x of the normal load-
ing w in pounds per foot of length. Also determine
the bending moment M at if the bending
moment at is .

5/140 Draw the shear and moment diagrams for the lin-
early loaded cantilever beam and specify the bend-
ing moment at the support A.

Problem 5/140

5/141 Draw the shear and moment diagrams for the lin-
early loaded simple beam shown. Determine the
maximum magnitude of the bending moment M.

Problem 5/141

l/2 l/2

w0

A

l

w0

MA

�1600 lb-ftx � 1 ft 
x � 3 ft

V � 2200x – 40x3

600 N/m

8 m

4 mA 4 m

8 m

Nq
m

600=

)الف(

12kN
2

5/132 Draw the shear and moment diagrams for the beam
subjected to the two point loads. Determine the
maximum bending moment and its location.

Problem 5/132

Representative Problems

5/133 Draw the shear and moment diagrams for the
loaded beam and find the maximum magnitude M
of the bending moment.

Problem 5/133

5/134 Construct the shear and moment diagrams for the
beam loaded by the 2-kN force and the 1.6-kN m
couple. State the value of the bending moment at
point B.

Problem 5/134
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Article 5/7 Problems 287

5/135 Draw the shear and moment diagrams for the uni-
formly loaded beam and find the maximum bend-
ing moment .

Problem 5/135

5/136 Draw the shear and moment diagrams for the
loaded beam and determine the maximum value

of the moment.

Problem 5/136

5/137 Draw the shear and moment diagrams for the
loaded cantilever beam where the end couple is
adjusted so as to produce zero moment at the fixed
end of the beam. Find the bending moment M at

.

Problem 5/137
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5/132 Draw the shear and moment diagrams for the beam
subjected to the two point loads. Determine the
maximum bending moment and its location.

Problem 5/132

Representative Problems

5/133 Draw the shear and moment diagrams for the
loaded beam and find the maximum magnitude M
of the bending moment.

Problem 5/133

5/134 Construct the shear and moment diagrams for the
beam loaded by the 2-kN force and the 1.6-kN m
couple. State the value of the bending moment at
point B.

Problem 5/134
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Article 5/7 Problems 287

5/135 Draw the shear and moment diagrams for the uni-
formly loaded beam and find the maximum bend-
ing moment .

Problem 5/135

5/136 Draw the shear and moment diagrams for the
loaded beam and determine the maximum value

of the moment.

Problem 5/136

5/137 Draw the shear and moment diagrams for the
loaded cantilever beam where the end couple is
adjusted so as to produce zero moment at the fixed
end of the beam. Find the bending moment M at

.

Problem 5/137
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در تیرهای زیر نیروی برشی و لنگر خمشی را در مقاطع نشان داده شده به دست آورید. فعالیت 
کلاسی2

در مثـال قبـل چگونگـی محاسـبه نیـروی برشـی و لنگر خمشـی در نقطـه دلخواه C را مشـاهده نمودیـم. برای 
مهندسـین معمـولاً مقـدار ماکزیمـم نیروهـای داخلـی و محل آنها مهم اسـت.

حـال ایـن سـؤال مطـرح می شـود که مقادیـر نیروی برشـی و لنگر خمشـی حداکثر در کـدام نقطـه از طول تیر 
بـه وجـود می آید؟

بـرای پاسـخ بـه ایـن سـؤال بایـد مقادیر نیروی برشـی و لنگـر خمشـی را در تمام نقاط طـول تیـر همانند مثال 
قبـل محاسـبه نمـوده تـا مقادیـر حداکثـر مـورد نظـر و محـل آنها مشـخص شـود کـه ایـن روش، کاری اسـت 
طاقت فرسـا. لـذا بهتـر اسـت کـه مقادیـر نیروی برشـی و لنگر خمشـی در طـول تیر را بـه صورت نمودار نشـان 

داده و از روی نمـودار مقادیـر حداکثـر نیـروی برشـی و لنگـر خمشـی و محـل آنهـا را تعیین نمود.

6-1-7- مقادیر حداکثر نیروهای برشی و لنگر خمشی در تیرها با بار متمرکز

)ب(

5/128 Draw the shear and moment diagrams for the
loaded beam and determine the distance d to the
right of A where the moment is zero.

Problem 5/128

5/129 Draw the shear and moment diagrams for the
beam loaded at its center by the couple C. State
the value of the shear force at midbeam.

Problem 5/129

5/130 Draw the shear and moment diagrams for the
loaded beam. What are the values of the shear and
moment at midbeam?

Problem 5/130

5/131 Draw the shear and moment diagrams for the
beam shown and find the bending moment M at
section C.

Problem 5/131
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PROBLEMS
Introductory Problems

5/125 Determine the shear-force and bending-moment
distributions produced in the beam by the concen-
trated load. What are the values of the shear and
moment when 

Problem 5/125

5/126 Draw the shear and moment diagrams for the loaded
cantilever beam. State the value of the bending mo-
ment at midbeam.

Problem 5/126

5/127 Draw the shear and moment diagrams for the div-
ing board, which supports the 175-lb man poised to
dive. Specify the bending moment with the maxi-
mum magnitude.

Problem 5/127
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5/128 Draw the shear and moment diagrams for the
loaded beam and determine the distance d to the
right of A where the moment is zero.

Problem 5/128

5/129 Draw the shear and moment diagrams for the
beam loaded at its center by the couple C. State
the value of the shear force at midbeam.

Problem 5/129

5/130 Draw the shear and moment diagrams for the
loaded beam. What are the values of the shear and
moment at midbeam?

Problem 5/130

5/131 Draw the shear and moment diagrams for the
beam shown and find the bending moment M at
section C.
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PROBLEMS
Introductory Problems

5/125 Determine the shear-force and bending-moment
distributions produced in the beam by the concen-
trated load. What are the values of the shear and
moment when 

Problem 5/125

5/126 Draw the shear and moment diagrams for the loaded
cantilever beam. State the value of the bending mo-
ment at midbeam.

Problem 5/126

5/127 Draw the shear and moment diagrams for the div-
ing board, which supports the 175-lb man poised to
dive. Specify the bending moment with the maxi-
mum magnitude.
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5/128 Draw the shear and moment diagrams for the
loaded beam and determine the distance d to the
right of A where the moment is zero.

Problem 5/128

5/129 Draw the shear and moment diagrams for the
beam loaded at its center by the couple C. State
the value of the shear force at midbeam.

Problem 5/129

5/130 Draw the shear and moment diagrams for the
loaded beam. What are the values of the shear and
moment at midbeam?

Problem 5/130

5/131 Draw the shear and moment diagrams for the
beam shown and find the bending moment M at
section C.

Problem 5/131
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286 Chapter 5 Distributed Forces

PROBLEMS
Introductory Problems

5/125 Determine the shear-force and bending-moment
distributions produced in the beam by the concen-
trated load. What are the values of the shear and
moment when 

Problem 5/125

5/126 Draw the shear and moment diagrams for the loaded
cantilever beam. State the value of the bending mo-
ment at midbeam.

Problem 5/126

5/127 Draw the shear and moment diagrams for the div-
ing board, which supports the 175-lb man poised to
dive. Specify the bending moment with the maxi-
mum magnitude.

Problem 5/127
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5/128 Draw the shear and moment diagrams for the
loaded beam and determine the distance d to the
right of A where the moment is zero.

Problem 5/128

5/129 Draw the shear and moment diagrams for the
beam loaded at its center by the couple C. State
the value of the shear force at midbeam.

Problem 5/129

5/130 Draw the shear and moment diagrams for the
loaded beam. What are the values of the shear and
moment at midbeam?

Problem 5/130

5/131 Draw the shear and moment diagrams for the
beam shown and find the bending moment M at
section C.
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PROBLEMS
Introductory Problems

5/125 Determine the shear-force and bending-moment
distributions produced in the beam by the concen-
trated load. What are the values of the shear and
moment when 

Problem 5/125

5/126 Draw the shear and moment diagrams for the loaded
cantilever beam. State the value of the bending mo-
ment at midbeam.

Problem 5/126

5/127 Draw the shear and moment diagrams for the div-
ing board, which supports the 175-lb man poised to
dive. Specify the bending moment with the maxi-
mum magnitude.

Problem 5/127
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نمودارهای نیروی برشی و لنگر خمشی تیر مقابل را ترسیم نمایید.مثال 3

1- محاسبه عکس العمل های تکیه گاهی: با توجه به تقارن تیر داریم: 

6-1-8- ترسیم نمودارهای نیروی برشی و لنگر خمشی تیرها با بار متمرکز
نمـودار نیـروی برشـی و یـا لنگـر خمشـی عبارت اسـت از نمـوداری که مقادیـر نیروی برشـی و لنگر خمشـی را 
در هـر نقطـه از تیـر مشـخص می نمایـد. هـدف از ترسـیم چنیـن نمودارهایـی تعیین نقاطی اسـت کـه حداکثر 
نیـروی برشـی و لنگـر خمشـی در آنهـا به وجـود می آیـد. بـرای رسـیدن بـه ایـن هـدف تیـر را بـا توجـه بـه 
محل هایـی کـه بارگـذاری آن تغییـر می نمایـد بـه چنـد ناحیه تقسـیم نمـوده و در هـر ناحیه معـادلات نیروی 

برشـی و لنگـر خمشـی را بـر حسـب طـول تیـر تعیین و سـپس نمـودار معـادلات مذکـور ترسـیم می گردد.                                                            

مراحل ترسیم نمودارهای نیروی برشی و لنگر خمشی در تیر با بار متمرکز به شرح ذیل خواهد بود: 
1- محاسبه عکس العمل های تکیه گاهی تیر

2- مـا بیـن هـر دو بـار متمرکـز یـک مقطـع بـه فاصلـه X از تکیـه گاه در نظـر گرفتـه و محـدوده X را تعییـن 
بـار متمرکـز محسـوب می شـوند. می نماییـم. عکس العمل هـای تکیه گاهـی نیـز، 

3- پیکر آزاد یکی از قطعات سمت چپ و یا راست مقطع مورد نظر را ترسیم می کنیم.
4- بـا تشـکیل معـادلات تعـادل بـرای قطعـة مـورد نظـر، به معـادلات نیروی برشـی و لنگر خمشـی بر حسـب 

X خواهیم رسـید.
5- بـا ترسـیم نمودارهـای نیـروی برشـی و لنگر خمشـی در محدوده هـای مختلف تیـر به نمودارهـای موردنظر 

می یابیم. دسـت 

50512.2  SHEAR AND BENDING-MOMENT DIAGRAMS
As indicated in Sec. 12.1, the determination of the maximum abso-
lute values of the shear and of the bending moment in a beam are 
greatly facilitated if V and M are plotted against the distance x mea-
sured from one end of the beam. Besides, as you will see in Chap. 15, 
the knowledge of M as a function of x is essential to the determina-
tion of the deflection of a beam.
 In the examples and sample problems of this section, the shear 
and bending-moment diagrams will be obtained by determining the 
values of V and M at selected points of the beam. These values will 
be found in the usual way, i.e., by passing a section through the point 
where they are to be determined (Fig. 12.5a) and considering the 
equilibrium of the portion of beam located on either side of the sec-
tion (Fig. 12.5b). Since the shear forces V and V9 have opposite 
senses, recording the shear at point C with an up or down arrow 
would be meaningless, unless we indicated at the same time which 
of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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4- با تشکیل معادلات تعادل برای قطعه فوق خواهیم داشت:

x مشخص می نمایند.  m0 3≤ ≤ این معادلات مقادیر نیروی برشی و لنگر خمشی را در محدودة 

2- مقطع  a-a به فاصله x از تکیه گاه A را در نظر گرفته و محدودة x را مشخص می نماییم.

a-a 3- ترسیم پیکر آزاد قطعة سمت چپ مقطع
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x
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Σ = ⇒ × − = ⇒ =

a a aM x M M x0 10 0 10
+
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x m0 3≤ ≤ معادله نیروی برشی در محدودة 

x m0 3≤ ≤ معادله لنگر خمشی در محدودة 
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Ay=10 kN x-33m
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Mb

m x m3 6≤ ≤ )III(معادله نیروی برشی در محدودة 

y b bF V V kN0 10 20 0 10+ ↑ Σ = ⇒ − − = ⇒ = −
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m تکرار می نماییم. خواهیم داشت: x m3 6≤ ≤ عملیات صفحه قبل را برای مقطع b-b در محدودة 

5- اکنون نمودار نیروی برشی را با استفاده از معادلات I و III ترسیم می نماییم.

6- نمـودار لنگـر خمشـی را بـا اسـتفاده از معـادلات II و IV و بـه روش نقطه یابـی در نقـاط ابتـدا و انتهـای 
هـر ناحیـه ترسـیم می کنیم.
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در تیر شکل مقابل مطلوب است:مثال 4
الف( ترسیم دیاگرام نیروی برشی تیر
ب( ترسیم دیاگرام لنگر خمشی تیر

ج( تعیین نیروی برشی و لنگر خمشی حداکثر تیر.

50512.2  SHEAR AND BENDING-MOMENT DIAGRAMS
As indicated in Sec. 12.1, the determination of the maximum abso-
lute values of the shear and of the bending moment in a beam are 
greatly facilitated if V and M are plotted against the distance x mea-
sured from one end of the beam. Besides, as you will see in Chap. 15, 
the knowledge of M as a function of x is essential to the determina-
tion of the deflection of a beam.
 In the examples and sample problems of this section, the shear 
and bending-moment diagrams will be obtained by determining the 
values of V and M at selected points of the beam. These values will 
be found in the usual way, i.e., by passing a section through the point 
where they are to be determined (Fig. 12.5a) and considering the 
equilibrium of the portion of beam located on either side of the sec-
tion (Fig. 12.5b). Since the shear forces V and V9 have opposite 
senses, recording the shear at point C with an up or down arrow 
would be meaningless, unless we indicated at the same time which 
of the free bodies AC and CB we are considering. For this reason, 
the shear V will be recorded with a sign: a plus sign if the shearing 
forces are directed as shown in Fig. 12.5b, and a minus sign other-
wise. A similar convention will apply for the bending moment M. It 
will be considered as positive if the bending couples are directed as 
shown in that figure, and negative otherwise.† Summarizing the sign 
conventions we have presented, we state:
 The shear V and the bending moment M at a given point of a 
beam are said to be positive when the internal forces and couples act-
ing on each portion of the beam are directed as shown in Fig. 12.6a.
 These conventions can be more easily remembered if we 
note that

 1.  The shear at any given point of a beam is positive when the 
external forces (loads and reactions) acting on the beam tend 
to shear off the beam at that point as indicated in Fig. 12.6b.

 2.  The bending moment at any given point of a beam is positive 
when the external forces acting on the beam tend to bend the 
beam at that point as indicated in Fig. 12.6c.

 It is also of help to note that the situation described in Fig. 12.6, 
in which the values of the shear and of the bending moment are 
positive, is precisely the situation that occurs in the left half of a 
simply supported beam carrying a single concentrated load at its mid-
point. This particular case is fully discussed in the next example.
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 12.1 through 12.4 For the beam and loading shown, (a) draw the 
shear and bending-moment diagrams, (b) determine the equations 
of the shear and bending-moment curves.

12.5 and 12.6 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.

12.7 and 12.8 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.

B

P

CA

L

ba

Fig. P12.1

B

w

A

L

Fig. P12.2

B

w0

A

L

Fig. P12.3

D

w

A
B

a a

C

L

Fig. P12.4

48 kN 60 kN 60 kN

0.6 m 0.9 m

A
C D E

B

1.5 m 1.5 m

Fig. P12.5

BA C D E

200 N 200 N 200 N500 N

300 300225 225

Dimensions in mm

Fig. P12.6

BA
C

3 kips/ft 30 kips

3 ft6 ft

Fig. P12.7

B
A

C D

4 ft 4 ft 4 ft

2 kips/ft 15 kips

Fig. P12.8

bee80156_ch12_500-535.indd Page 510  10/8/09  4:35:33 AM user-s173 /Volumes/MHDQ-New/MHDQ152/MHDQ152-12

24 kN 40 kN

B C



100

حل:
الف( محاسبه عکس العمل های تکیه گاهی

:) x /0 0 5≤ ≤ ( AB معادلات نیروی برشی و لنگر خمشی در ناحیه

+
→+
→x x

y y y

A A A

F A

F A A kN

M M / / M kN.m

0 0

0 24 40 0 64

0 24 0 5 40 1 20 0 60

+

+

Σ = ⇒ =

↑ Σ = ⇒ − − = ⇒ =

Σ = ⇒ − + × + × = ⇒ =

0/70/5
Ay

Ax

MA

PROBLEMS

510

 12.1 through 12.4 For the beam and loading shown, (a) draw the 
shear and bending-moment diagrams, (b) determine the equations 
of the shear and bending-moment curves.

12.5 and 12.6 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.

12.7 and 12.8 Draw the shear and bending-moment diagrams for 
the beam and loading shown, and determine the maximum abso-
lute value (a) of the shear, (b) of the bending moment.

B

P

CA

L

ba

Fig. P12.1

B

w

A

L

Fig. P12.2

B

w0

A

L

Fig. P12.3

D

w

A
B

a a

C

L

Fig. P12.4

48 kN 60 kN 60 kN

0.6 m 0.9 m

A
C D E

B

1.5 m 1.5 m

Fig. P12.5

BA C D E

200 N 200 N 200 N500 N

300 300225 225

Dimensions in mm

Fig. P12.6

BA
C

3 kips/ft 30 kips

3 ft6 ft

Fig. P12.7

B
A

C D

4 ft 4 ft 4 ft

2 kips/ft 15 kips

Fig. P12.8

bee80156_ch12_500-535.indd Page 510  10/8/09  4:35:33 AM user-s173 /Volumes/MHDQ-New/MHDQ152/MHDQ152-12

PROBLEMS

510

 12.1through 12.4 For the beam and loading shown, (a) draw the 
shear and bending-moment diagrams, (b) determine the equations 
of the shear and bending-moment curves.
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:) / x /0 5 1 2≤ ≤ ( BC معادلات نیروی برشی و لنگر خمشی در ناحیه

ترسیم معادلات برش و خمش:

ج( بـا توجـه بـه نمـودار، حداکثـر نیروی برشـی و لنگر خمشـی در تکیه گاه قـرار دارد و مقدار آن برابر اسـت 
: با

نتیجـه: در تیرهـای کنسـولی حداکثـر نیـروی برشـی و لنگـر خمشـی در تکیـه گاه به وجـود 
می آیـد.
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 به کمک برنامه SAP در تیر شکل زیر مطلوب است:  
1- محاسبة عکس العمل های تکیه گاهی

2- ترسیم دیاگرام برش و تعیین مقدار و محل حداکثر آن 
3- ترسیم دیاگرام خمش و تعیین مقدار و محل حداکثر آن

فعالیت 
کلاسی3

 مراحـل کار به صـورت زیـر اسـت  کـه بـا تمامی آنها آشـنایی دارید به جـز نحوه اعمال بار گسـترده کـه در ادامه 
داد.  توضیح خواهیم 

• واحد را باتوجه به مسئله تنظیم کنید  
• از گزینـه  new model نمونـه تیـر یـک دهانـه را انتخاب و اصاحـات مربوطه مانند تعداد تقسـیمات  و طول 

دهانـه را انجام دهید. 
• پنجره سه بعدی را بسته و در نمای x-z قرار بگیرید.

• در زمینه برنامه کلیک راست نموده و گرید ها را برای ایجاد کنسول تیر اصاح کنید. 
• ماده ای با نام mat0 تعریف کنید. 

• یک مقطع دلخواه بنام beam تعریف کنید که مصالح آن از نوع mat0 باشد.
 beam را ترسـیم کنیـد. در جعبـه ای کـه همراه ترسـیم بازشـده، مقطـع را روی CD و AC هریـک از اعضـا •

قـرار دهید. 
تعریف بار گسترده 

عضـو AC را انتخـاب و از منـوی Assign/frame Load/diStributed  مطابـق شـکل زیـر تعریف هـای لازم را 
انجـام دهید.

   ٤فعاليت عملی  

    مطلوبست  مقابلدر تير sapبه كمك برنامه 

 محاسبه عكس العمل هاي تكيه گاهي -1

ترسيم  دياگرام برش و تعيين مقدار و محل   -2
 حداكثر آن 

مقدار و  ترسيم دياگرام خمش و  تعيين -3
   محل حداكثر آن

  مراحل کار به صورت زير می باشد که با تمامی آنھا آشنايی داريد بجز نحوه اعمال بار گسترده که در ادامه توضيح خواھيم داد 

  واحد را باتوجه به مسئله تنظيم کنيد  
    از گزينهnew model    و انتخاب نمونه تير يک دھانه را با اصلاحات مربوطه مانند تعداد تقسيمات  و طول دھانه

 . انتخاب نماييد 
  پنجره  سه بعدی را بسته و در نمایx−z  قرار بگيريد. 
  در زمينه برنامه کليک راست نموده و گريد ھا را برای ايجاد کنسول تير اصلاح کنيد 
  ماده ای با نامmat0  کنيدتعريف . 
  يک مقطع دلخواه بنامbeam     تعريف کنيد که مصالح آن از نوعmat0   باشد. 
  ھريک از اعضاAC   وCD   در جعبه ای که ھمراه ترسيم بازشده مقطع را روی .را ترسيم کنيدbeam  قرار دھيد . 

  : تعريف بار گسترده 

  مطابق شکل زير تعريف ھای لازم را انجام دھيد   Assign/frame Load/distributedرا انتخاب و از منوی  ACعضو 

  

  

    

  

  

  

  

  

  . نتيجه در شکل زير مشاھده می شود   

  

  

  

  

  

  

q=�� kN/m � kN/m
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نتیجه در شکل زیر مشاهده می شود. 

• بار نقطه ای را در نقطه D در جهت z-  تعریف کنید. 
نکته

نکته

نکته

 Add to exiSting توجـه داشـته باشـید کـه نوع این بـار با بار گسـترده یکی می باشـد. در تعریف آن گزینـه
load را به جـای exiSting load  Replace در جعبـه Frame diStributed loads در شـکل بـالا فعـال 

نماییـد در غیـر این صـورت ایـن بـار جایگزیـن بار گسـترده شـده و بار گسـترده حذف می شـود. 

برای کنترل کار می توانید از منوی Display /Show load هر یک از بارهای اختصاص یافته را ببینید.

بـرای اطمینـان از صحـت نتایـج ابتـدا مقادیـر عکس العمل های تکیه گاهـی را نمایش دهید و با روش دسـتی 
کنترل کنید. 

• برنامه آمادة Run می باشد و می توانید نتایج را در شکل های صفحة بعد ببینید.



104

بـا توجـه بـه توضیحـات در تمرین هـای  عملـی  قبلـی محـل حداکثـر نیروی برشـی و لنگـر خمشـی را تعیین 
. کنید
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در تیرهای زیر مطلوب است:
الف( ترسیم نمودار های نیروی برشی و لنگر خمشی

ب( تعیین محل لنگر خمشیِ حداکثر
ج( تعیین مقادیر حداکثر نیروی برشی و لنگر خمشی تیر

فعالیت 
کلاسی4

نکات مربوط به جمع بندی پودمان 3 )تحلیل سازه های ساختمانی(نکته
• خرپاها به دو گروه کلی صفحه ای و فضایی تقسیم می شوند.

• خرپاها تشکیل شبکة مثلثی می دهند.
• نیروهای خارجی وارد بر خرپاها در صفحه خرپا و در محل گره ها به آنها اعمال می شود.

• اعضای خرپاها به صورت مفصلی به یکدیگر متصل می شوند.
• منظـور از تحلیـل خرپـا، تعییـن نیـروی داخلـی هـر عضـو خرپـا و محاسـبة عکس العمل هـای تکیه گاهـی 

می باشـد. آن 
• برای تحلیل خرپاها از روش مفصل )گره( استفاده می شود.

• در گره هـای دارای دو عضـو غیـر هم راسـتا در صورتی کـه نیروی خارجی وجود نداشـته باشـد هـر دو عضو 
صفـر نیرویـی خواهند بود.

• در گره هـای دارای سـه عضـو کـه دو عضـو آنها هم راسـتا باشـند، در صورت عـدم وجود نیـروی خارجی در 
آن گـره، عضـو سـوم، صفر نیرویـی خواهد بود.

• هـدف از تحلیـل تیـر، تعییـن عکس العمل هـای تکیه گاهـی و نیروهـای داخلـی در هـر مقطـع از تیـر 
می باشـد.

• تیرها در اثر اعمال بارهای خارجی دارای رفتارهای خمشی و برشی می باشند.
• نیروهای داخلی در هر مقطع از تیر عبارت اند از : نیروی برشی و لنگر خمشی.

• مقدار برآیند بارهای گسترده یکنواخت برابر است با مساحت بار گسترده.
• محـل اثـر برآینـد بارهـای گسـترده یکنواخـت در محـل تاقـی دو قطـر مسـتطیل بـار وارده )نصـف طول 

مسـتطیل( می باشـد.
5/128 Draw the shear and moment diagrams for the

loaded beam and determine the distance d to the
right of A where the moment is zero.

Problem 5/128

5/129 Draw the shear and moment diagrams for the
beam loaded at its center by the couple C. State
the value of the shear force at midbeam.

Problem 5/129

5/130 Draw the shear and moment diagrams for the
loaded beam. What are the values of the shear and
moment at midbeam?

Problem 5/130

5/131 Draw the shear and moment diagrams for the
beam shown and find the bending moment M at
section C.

Problem 5/131
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PROBLEMS
Introductory Problems

5/125 Determine the shear-force and bending-moment
distributions produced in the beam by the concen-
trated load. What are the values of the shear and
moment when 

Problem 5/125

5/126 Draw the shear and moment diagrams for the loaded
cantilever beam. State the value of the bending mo-
ment at midbeam.

Problem 5/126

5/127 Draw the shear and moment diagrams for the div-
ing board, which supports the 175-lb man poised to
dive. Specify the bending moment with the maxi-
mum magnitude.

Problem 5/127
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2

PP
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x

A B

P
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l––
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x � l /2?

2 m
50 kN

1 m
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5/128 Draw the shear and moment diagrams for the
loaded beam and determine the distance d to the
right of A where the moment is zero.

Problem 5/128

5/129 Draw the shear and moment diagrams for the
beam loaded at its center by the couple C. State
the value of the shear force at midbeam.

Problem 5/129

5/130 Draw the shear and moment diagrams for the
loaded beam. What are the values of the shear and
moment at midbeam?

Problem 5/130

5/131 Draw the shear and moment diagrams for the
beam shown and find the bending moment M at
section C.

Problem 5/131
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PROBLEMS
Introductory Problems

5/125 Determine the shear-force and bending-moment
distributions produced in the beam by the concen-
trated load. What are the values of the shear and
moment when 

Problem 5/125

5/126 Draw the shear and moment diagrams for the loaded
cantilever beam. State the value of the bending mo-
ment at midbeam.

Problem 5/126

5/127 Draw the shear and moment diagrams for the div-
ing board, which supports the 175-lb man poised to
dive. Specify the bending moment with the maxi-
mum magnitude.

Problem 5/127
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P
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5/128 Draw the shear and moment diagrams for the
loaded beam and determine the distance d to the
right of A where the moment is zero.

Problem 5/128

5/129 Draw the shear and moment diagrams for the
beam loaded at its center by the couple C. State
the value of the shear force at midbeam.

Problem 5/129

5/130 Draw the shear and moment diagrams for the
loaded beam. What are the values of the shear and
moment at midbeam?

Problem 5/130

5/131 Draw the shear and moment diagrams for the
beam shown and find the bending moment M at
section C.

Problem 5/131
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PROBLEMS
Introductory Problems

5/125 Determine the shear-force and bending-moment
distributions produced in the beam by the concen-
trated load. What are the values of the shear and
moment when 

Problem 5/125

5/126 Draw the shear and moment diagrams for the loaded
cantilever beam. State the value of the bending mo-
ment at midbeam.

Problem 5/126

5/127 Draw the shear and moment diagrams for the div-
ing board, which supports the 175-lb man poised to
dive. Specify the bending moment with the maxi-
mum magnitude.

Problem 5/127
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42′′

12′
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x
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ارزشیابی

الگوی ارزشیابی پودمان تحلیل سازه های ساختمانی
تکالیف عملکردی

استانداردنتایجاستاندارد عملکرد)شایستگی ها(
نمره)شاخص ها، داوری، نمره دهی(

به کمک معادلات تعادل، تحلیل خرپا
نیروهای داخلی در خرپا 

و اجسام صلب را با 
ماشین حساب به دست 

آورد.

3ترسیم نیروهای داخلی خرپا و تیربالاتر از حد انتظار

در حد انتظار
)کسب شایستگی(

تشکیل معادلات تعادل گره یا در هر 
2مقطع از جسم صلب

پایین تر از انتظارتحلیل تیر
)عدم احراز شایستگی(

ترسیم پیکره آزاد هر گره یا در هر 
1مقطع جسم صلب

نمره مستمر از 5

نمره شایستگی پودمان از 3

نمره پودمان از 20

ارزشـیابی در ایـن درس براسـاس شایسـتگی اسـت. بـرای هـر پودمـان یـک نمـره مسـتمر )از 5 نمـره( و یـک 
نمـره شایسـتگی پودمـان )نمـرات 1، 2 یـا 3( با توجـه به اسـتانداردهای عملکرد جـداول ذیل بـرای هر هنرجو 
ثبـت می گـردد. امـکان جبـران پودمان هـای در طـول سـال تحصیلی بـرای هنرجویان و بـر اسـاس برنامه ریزی 

هنرسـتان وجود دارد.

)د(

)ج(

5/128 Draw the shear and moment diagrams for the
loaded beam and determine the distance d to the
right of A where the moment is zero.

Problem 5/128

5/129 Draw the shear and moment diagrams for the
beam loaded at its center by the couple C. State
the value of the shear force at midbeam.

Problem 5/129

5/130 Draw the shear and moment diagrams for the
loaded beam. What are the values of the shear and
moment at midbeam?

Problem 5/130

5/131 Draw the shear and moment diagrams for the
beam shown and find the bending moment M at
section C.

Problem 5/131
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PROBLEMS
Introductory Problems

5/125 Determine the shear-force and bending-moment
distributions produced in the beam by the concen-
trated load. What are the values of the shear and
moment when 

Problem 5/125

5/126 Draw the shear and moment diagrams for the loaded
cantilever beam. State the value of the bending mo-
ment at midbeam.

Problem 5/126

5/127 Draw the shear and moment diagrams for the div-
ing board, which supports the 175-lb man poised to
dive. Specify the bending moment with the maxi-
mum magnitude.

Problem 5/127
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12′

l––
2
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2

PP
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x

A B

P
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3
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3

x � l /2?

6000 N

1/5 m 1/5 m

6000 N

5/128 Draw the shear and moment diagrams for the
loaded beam and determine the distance d to the
right of A where the moment is zero.

Problem 5/128

5/129 Draw the shear and moment diagrams for the
beam loaded at its center by the couple C. State
the value of the shear force at midbeam.

Problem 5/129

5/130 Draw the shear and moment diagrams for the
loaded beam. What are the values of the shear and
moment at midbeam?

Problem 5/130

5/131 Draw the shear and moment diagrams for the
beam shown and find the bending moment M at
section C.

Problem 5/131
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PROBLEMS
Introductory Problems

5/125 Determine the shear-force and bending-moment
distributions produced in the beam by the concen-
trated load. What are the values of the shear and
moment when 

Problem 5/125

5/126 Draw the shear and moment diagrams for the loaded
cantilever beam. State the value of the bending mo-
ment at midbeam.

Problem 5/126

5/127 Draw the shear and moment diagrams for the div-
ing board, which supports the 175-lb man poised to
dive. Specify the bending moment with the maxi-
mum magnitude.

Problem 5/127

BA

42′′

12′

l––
2

l––
2

PP

A

x

A B

P
2l–––
3

l––
3
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5/128 Draw the shear and moment diagrams for the
loaded beam and determine the distance d to the
right of A where the moment is zero.

Problem 5/128

5/129 Draw the shear and moment diagrams for the
beam loaded at its center by the couple C. State
the value of the shear force at midbeam.

Problem 5/129

5/130 Draw the shear and moment diagrams for the
loaded beam. What are the values of the shear and
moment at midbeam?

Problem 5/130

5/131 Draw the shear and moment diagrams for the
beam shown and find the bending moment M at
section C.

Problem 5/131
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PROBLEMS
Introductory Problems

5/125 Determine the shear-force and bending-moment
distributions produced in the beam by the concen-
trated load. What are the values of the shear and
moment when 

Problem 5/125

5/126 Draw the shear and moment diagrams for the loaded
cantilever beam. State the value of the bending mo-
ment at midbeam.

Problem 5/126

5/127 Draw the shear and moment diagrams for the div-
ing board, which supports the 175-lb man poised to
dive. Specify the bending moment with the maxi-
mum magnitude.

Problem 5/127

BA

42′′

12′

l––
2

l––
2

PP

A

x

A B

P
2l–––
3

l––
3

x � l /2?

5/128 Draw the shear and moment diagrams for the
loaded beam and determine the distance d to the
right of A where the moment is zero.

Problem 5/128

5/129 Draw the shear and moment diagrams for the
beam loaded at its center by the couple C. State
the value of the shear force at midbeam.

Problem 5/129

5/130 Draw the shear and moment diagrams for the
loaded beam. What are the values of the shear and
moment at midbeam?

Problem 5/130

5/131 Draw the shear and moment diagrams for the
beam shown and find the bending moment M at
section C.

Problem 5/131
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286 Chapter 5 Distributed Forces

PROBLEMS
Introductory Problems

5/125 Determine the shear-force and bending-moment
distributions produced in the beam by the concen-
trated load. What are the values of the shear and
moment when 

Problem 5/125

5/126 Draw the shear and moment diagrams for the loaded
cantilever beam. State the value of the bending mo-
ment at midbeam.

Problem 5/126

5/127 Draw the shear and moment diagrams for the div-
ing board, which supports the 175-lb man poised to
dive. Specify the bending moment with the maxi-
mum magnitude.

Problem 5/127

BA

42′′

12′

l––
2

l––
2

PP

A

x

A B

P
2l–––
3

l––
3
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20 kN
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5/128 Draw the shear and moment diagrams for the
loaded beam and determine the distance d to the
right of A where the moment is zero.

Problem 5/128

5/129 Draw the shear and moment diagrams for the
beam loaded at its center by the couple C. State
the value of the shear force at midbeam.

Problem 5/129

5/130 Draw the shear and moment diagrams for the
loaded beam. What are the values of the shear and
moment at midbeam?

Problem 5/130

5/131 Draw the shear and moment diagrams for the
beam shown and find the bending moment M at
section C.

Problem 5/131
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PROBLEMS
Introductory Problems

5/125 Determine the shear-force and bending-moment
distributions produced in the beam by the concen-
trated load. What are the values of the shear and
moment when 

Problem 5/125

5/126 Draw the shear and moment diagrams for the loaded
cantilever beam. State the value of the bending mo-
ment at midbeam.

Problem 5/126

5/127 Draw the shear and moment diagrams for the div-
ing board, which supports the 175-lb man poised to
dive. Specify the bending moment with the maxi-
mum magnitude.

Problem 5/127

BA
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2

PP

A

x

A B

P
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5/128Draw the shear and moment diagrams for the
loaded beam and determine the distance dto the
right of Awhere the moment is zero.

Problem 5/128

5/129Draw the shear and moment diagrams for the
beam loaded at its center by the couple C.State
the value of the shear force at midbeam.

Problem 5/129

5/130Draw the shear and moment diagrams for the
loaded beam. What are the values of the shear and
moment at midbeam?

Problem 5/130

5/131Draw the shear and moment diagrams for the
beam shown and find the bending moment Mat
sectionC.

Problem 5/131
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PROBLEMS
Introductory Problems

5/125Determine the shear-force and bending-moment
distributions produced in the beam by the concen-
trated load. What are the values of the shear and
moment when 

Problem 5/125

5/126Draw the shear and moment diagrams for the loaded
cantilever beam. State the value of the bending mo-
ment at midbeam.

Problem 5/126

5/127Draw the shear and moment diagrams for the div-
ing board, which supports the 175-lb man poised to
dive. Specify the bending moment with the maxi-
mum magnitude.

Problem 5/127

B A

42′′

12′

l––
2

l––
2

P P

A

x

AB

P
2l –––
3

l––
3

x�l/2?
10 kN10 kN

A B


